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Abstract

This research investigates specific classes of
fractional differential equations using a
straightforward fractional calculus
technique. The employed methodology
yields various fascinating results, including
a broader adaptation of the widely
recognized classical Frobenius method. The
approach outlined in this study primarily
relies on fundamental theorems concerning
the specific solutions of fractional
differential equations, making use of the
Pourreza transform and binomial series
extension coefficients. Additionally, the
study presents advanced techniques for
solving fractional differential equations

effectively, illustrated through practical
examples.
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I. INTRODUCTION

In recent years, fractional differential equations have garnered substantial interest because of
their capacity to capture complex phenomena in diverse fields of science and engineering.
These equations go beyond traditional integer-order differentiation, enabling a more precise
description of processes that display memory and non-local behaviors. This research delves
into the realm of fractional differential equations, aiming to advance the understanding and
solution techniques for specific classes of these equations. The foundation of our
investigation draws inspiration from a rich history of mathematical contributions, as
evidenced by the works of renowned scholars in this field. Caputo's seminal work [1] on
elasticity and anelastic dissipation laid the groundwork for understanding the fundamentals of
fractional calculus. Podlubny's comprehensive treatise [2] on fractional differential equations
has served as a cornerstone reference for researchers and practitioners alike. Our research
also draws upon innovative methods and techniques that have emerged in recent years.
Notably, Zhang's Sumudu-based algorithm [3] provides a valuable computational tool for
solving differential equations, while Aboodh's transformative work [4] introduced the
Aboodh transform, offering a novel approach to tackling fractional differential equations. The
study of Laplace transforms in the context of fractional differential equations has been a
focus of research, as demonstrated by the contributions of Lin and Lu [5]. Mohamed's Elzaki
transformation [6] and Kashuri, Fundo, and Liko's new integral transform [7] represent
additional methodologies that have expanded the arsenal of techniques available for solving
these equations. Furthermore, the New Integral Transform Mohand Transform [8], as
proposed by Abdelrahim Mahgoub, has brought new perspectives to the field. Silva, Moreira,
and Moret's work on conformable Laplace transforms [9] adds to the evolving landscape of
fractional calculus techniques. Lastly, the Aboodh transform continues to be explored, as
evidenced by Aruldoss and Anusuya Devi [10], who have employed it for solving fractional
differential equations. Additionally, the study by Raghavendran et al. [11] explores the use of
Aboodh transform for fractional integro-differential equations, showcasing its versatility.
Burgan, Saadeh, Qazza, and Momani's 2023 [13] paper introduces the ARA-residual power
series method, a novel approach for solving partial fractional differential equations. This
method offers a valuable contribution to mathematical techniques for addressing complex
mathematical problems in engineering and science.

In this investigation, we utilize the Pourreza transform of fractional derivatives and the
coefficients from binomial series extensions to address multiple fractional differential
equations. Moreover, we unveil various properties that are relevant to our main focus. To
illustrate our findings, we present practical examples.

Il. PRELIMINARIES

In this section, we are listing some preliminaries that are useful throughout the paper [11].

1. The definition of the RL fractional integral with order ¢ > 0 for a function y(t) can
be expressed as follows:

Izt}’(t) =

1 t
R PP S|
0o ! t—m" y(dn
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2. The Caputo fractional derivative of the function y(t) is defined as follows:
y'(t) ; if9=i€N

(
I

Po®={_1 (_y©
(FG-0) =07

dt ;ifi—1<{<i

The Euler gamma function, denoted as I'(.), is defined as follows:

r@) = J tv—letdt (R > 0).
0

3. The Pourreza transform of a function y(t), t € (0, ) is defined by

PIy(D](E) = F(€) = € f e~ (D) dt; (€ € C)
0

4. The Mittag-Leffler function is defined by

By, )=y —2

izor(ar_}_y) (6,7, € CR(6) > 0).

5. The Simplest Wright function is defined by
o] 1 d)‘r
p(w,Y; p) = Z}m; (¢, Y, w € C).
6. The general Wright function ixj (¢) is characterized by the following conditions
@ €C,vy,vom €EC,and real w;, ¢, ER (I =1,...,i,m=1,...,j), as determined

by the provided series.

(Vll;wl)l,i w M Toyter) o
in(V) =iXj ((VZm'(pm)l,j | @ = Lr=0 H{nzlr(V2m+¢mT) oy

7. The inverse Pourreza transform is defined by

p-1 [F(z + 1)] _ e

822+1

Remark 2.1

o0

P[D?y(D)](E) = € f et [D? y(0)]dt
0

0 t
_ _e2; 1 y™(Q)
_ s!e £ r(n—ﬁ)oj(t—z)ﬁ—““ dq dt
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_ ([ y™()
T T(n- 0)Of€fe C e 44

— ﬁ)jy(n)(c)J —€2(u+Q) u™ -1 qu dq

8 ‘ 2 ‘ 2
- — —€%¢,,(n) —&%u ,,n—9-1
F(n—ﬁ)fe y (()fe u du d{
0 0

Y () —— r(n 9 4

2

T T(n- ﬁ)f o
=gl f e ym(©Q) dg = €77 Py™M ()] (e)
0

= g¥-n+l

n—1
e Ply(t)] - z g-am-1 y(”)(O)]
m=0

n—1

— 819+n+1 P[y(t)] _ Z gﬁ—n—Zm y(n)(o)

m=0

Note: Fubini's theorem is employed to rearrange the order of integration in the preceding
derivative.

111.SOLUTIONS OF THE FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, there are strong indications that the function k(t) alone may be adequate to
enable the Pourreza transform P[k(t)] to operate successfully at a certain value of the
parameter ‘€’

Theorem 3.1. Let 1 <9 < 2 and o and T € R. Then the fractional differential equation
D+ok?@®)+1tk(t) =0

¢y
with initial conditions k(0) = ¢, and k'(0) = ¢, has the unique solution
e O AT + R+ 1) (—at @)
k(6) = COmZO ml r[(z—ﬁ)x+2m+1] X!
m $2m+1 2=
+C1Z( ™t O T(m+ X+ 1) (—at @) @)

— I2-9X+2m+ 2] \!

Copyright © 2024 Authors Page | 14



Recent Trends in Mathematics

e-1SBN: 978-93-6252-929-9

IIP Series

ANALYZING FRACTIONAL DIFFERENTIAL EQUATIONS USING THE POURREZA TRANSFORM

. Z ( T:]m $Zm— #+3 ]_-'(m_|_;q:_|_ 1:] (_Jt':ﬂ—t‘i‘})H
7€ LT[(2 - 9)X +2m —6 + 4] N

N Z ( ij p2m—f+2 T(m+ N+1) [—ﬂ't‘z_ﬂ)
7o LT[2- )% +2m—9 +3] i

Proof: Utilizing the Pourreza transform in (1) and taking into consideration, we have
E*F(E) — €3y(0) — €y'(0) + o[€2F(s) — €2971y(0) — €3y (0)] + T F(s) = 0

4P[k(t)] — €3k(0) — €k'(0) + o€ P[k(t)] — 0€2? 1 k(0) — 0€X3k'(0) + T P[k(t)] = O
(e*+0€¥ + 1) P[k()] = €3¢y + Ec1 + 0 €271y + 0 €29 3¢y

P[k(t)] . 83(:0 + & c1to 8219—1(,'0 +o 8219_3(:1 (3)
- (E*+0 €Y +1)

Since
1 8—219

(E*+0€% + 1) T e 4 g e 20

8—219

€2 +0) (1+25—)

€4-29 44

c-29 i _7 29 m
T 1 g Z €429 1 5

m=0

« (—7)mEg—20m =29

- (84—219 + O-)m+1

(_T)m 8—4m—4
- (1 +0 8219—4)m+1

_ N (—g)mg—4m—4 N _gezo-4) (M +R
2, e ()

= Z(_T)mz m + N ( o)X g@P—HX—4m—4 4)
= N=

m=0 0

Substituting the above equation (4) in (3), we get
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o]

Plk(t)] = cq z (=)™ i (m:{' N) (—o)¥ €@-2)8-2m—-1

m=0 =0
e ]

X
+ e Z (=)™ Z (m ;{" N) ()X O-DR-2m—2

N=0

+0COZ( T)mz m+N (=X g@-2)8-2m+9-3
m=0

=0

0 0 5
+aclz( r)mz m+N ( o)X g0 -DR-2m+9—4 (5)

m=0 =0

Thus, the inverse Pourreza transform to equation (5) yields the solution (2)

e EDm e OT(m 4 R+ 1) (—ot@ )
k(t) = COZ T2 - 9)X+2m + 1IN

N Z (- r)m t2m+1 ST(m+ R+ 1) (—ot@ )"
@ 4 T[2 - )X +2m + 2]

(- r)m th 943G T(m + X + 1) (—ot@D)"
+o0c Z

£LiT[(2 — 9K+ 2m — 9 + 4] X!

N Z ( )m t2m—19+2 @ I"(m + N+ 1) ( t(2—19))N
o LT[ 9K+ 2m =9 + 3] NI
which is (2). This completes the proof of the theorem.

Example 3.1 The fractional differential equation is

k"(t) + ﬁk(%)(t) +10k(t) =0

with initial conditions k(0) = ¢, and k'(0) = ¢; has the unique solution

b

v (F1m o Tm+ R+ 1) (‘ﬁt@)
k(t)—coz RZ(; F[G)x+2m+1] N!

R
> (—10)™ t2m+1 “I'(m+RX+1) (—ﬁt(i))
+Clz NZ(; r[(G)x+2m+2| x
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N

(— 10)m 2mt E T(m+ R+ 1) (_ﬁt(%))
e Z ;, F[G)N+2m+§] Rl

¢

= (—10)™ t2m+§ “T(m+R+1) (—\/71:(%))
+‘/7ch ; F[G)N+2m+§] R!

Figure 1 illustrates the solution behavior of the fractional differential equation of Example 3.1
at various values of 99 with the initial conditions ¢, = 1and ¢; = 1.

HB1— 8=12
| §=14
30 8=16
— §5=18
25
20 1
=15
10 -
5_ .
D .
0.0 0.2 0.4 0.6 0.8 10

Figure 1: The solution behavior of Example 3.1

Theorem 3.2. Let 1 <9 < 2 and o and T € R. Then the fractional differential equation
K@) +ak'(t)+tk(t)=0 (6)

with initial conditions k(0) = ¢, and k'(0) = ¢; has the unique solution

_ C (=)™ S I'm+X+1) (—g)Nt(ﬁ—l)xwk
o= ,Z‘O m! ;, I[® - DR+ 9m + 1] §!

(- T)m T(m + R+ 1) (=o)Xt @-DR+0k+1
+Clz Z [ — DR+ 9m + 2] &!

@ (—7)™ i I(m+X+1) (_O.)Nt(ﬁ—l)x+z9k+19—1 (7)
+ ocy Z Z
m=0

m LTI~ DX+ 9m+ 9] N

Copyright © 2024 Authors Page | 17



Recent Trends in Mathematics

e-1SBN: 978-93-6252-929-9

IIP Series

ANALYZING FRACTIONAL DIFFERENTIAL EQUATIONS USING THE POURREZA TRANSFORM

Proof: Utilizing the Pourreza transform in (6) and taking into consideration, we have

EVF(E) — €297 1y(0) — €273y'(0) + o[ E2F(E) — Ey(0)] + T F(E) = 0

€29P[k(t)] — €2 1k(0) — €2973k'(0) + 0 €2 P[k(t)] — 0 Ek(0) + T P[k(t)] = 0

EXVP[k(t)] — € 1cy — €29 3¢, + 0 E2 P[k(t)] — 0 Ecy + T P[k(t)] = 0

Plk _ €29-1¢, + 293¢, + 0 € 3
k®] = (€29 + 0 €2 + 1) ®

Since
1 3 €2
(€2 +0€24+17) €9 2454 7E2

8_2
7€ 2
(€202 4 o) (1+72)
S —be?2 \"
sZﬂ 24g Z (8219‘2 + 0)
m=0

T)m 8—2m—2
Z (8219 -2 + O-)m+1
(_T)m —29m —29
—~ (1 + 0 82—219)m+1

= mZ:O(_T)m £—20m —29 Z(_G 82—219)R (m;lz- N)

X=0

z( T)mz m+N ( )R £2—20)8~20m 29 ©)
= N—

m=0 0

Substituting the above equation (9) in (8) and taking the inverse, yields the solution (7)

_ N (=)™ S I'm+X+1) (_g)Nt(ﬁ—l)x+ﬁk
o= ,ZO m! NZ(; [ - DR+ 9Im + 1] X!

(- T)m T(m + R+ 1) (—g)¥t@-Dx+0k+1
+Clz Z [ — DR+ 9m + 2] &!

d (—)™ © I(m+RX+1) (_O.)Nt(ﬁ—l)x+z9k+z9—1
+ 0Cy Z Z
m=0

m! i I'NM@®W - 1R+ 9m + 9] !
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which is (7). This completes the proof of the theorem. Also, the Wright function can express this
solution as

e Cometm ( m+1,1 19_1>
k(t) = cg Zm:O—m! 141 Om+1,9 — 1)| ot
w (-0)m fom +1 ( (m + 1, 1 _ 19_1)
+C12m:0 ml 1/11 (19m+2,19—1)| ot
" (=)™ £om +9-1 ( (m + 1, 1 _ 19_1)
+ac02m=0 m 111 (19m+19,19—1)| ot

Example 3.2. The fractional differential equation

K2 (6) + 4k'(6) + 11 k(0 = 0

With initial conditions k(0) = ¢, and k'(0) = ¢, has the unique solution

O AD™ OTn 4 R+ 1) (@5
0= COmZO m: NZ(; rlG)x+im+1] x

0

=, (a)m Z T(m 4+ R + 1) (4)8e@xHm+1

+C1m:0 moe T[3)x+im+2]

o]

S (1) <o T(m + R + 1) (4)“t@)*‘+§m+%
+4co 2 m) z 1 3 3]
m=0 i F[(E)N +5m +E] N!

Figure 2 illustrates the solution behavior of the fractional differential equation of Example 3.2
at various values of 9 with the initial conditions ¢, = 1and ¢; = 1.
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Figure 2: The solution behavior of Example 3.2

Proposition 3.1. Let 1 <9 < 2 and 7 € R. Then the fractional differential equation

k*(t)—bk(t)=0
with initial conditions k(0) = c, its proposal is provided by

i Im

t
k(t) = ¢ ZOTm m = COEﬁ(T tﬁ)

m=

Proof: The proof of this proposition as like as previous theorem.

Remark 3.1. Accordingly, a = 0 in (6), then the derivative is

KM +tk(t)=0;1<9<2

with initial conditions k(0) = ¢, and k'(0) = ¢, its proposal is provided by
k(t) = coEg1(—1t?) + c1Eg o (-7 t?)

Proposition 3.2. A nearly simple harmonic vibration differential equation
K@) +z°k(t)=0; 1<9 <2

with initial conditions k(0) = ¢, and k'(0) = ¢, its proposal is provided by

k(t) = CoEg'l(—Zztﬁ) + ClEﬁlz(—Zztﬂ)

Proof: The above proof is accomplished by implanting T = z? in equation(13).

Copyright © 2024 Authors
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IV. CONCLUSION

The article utilized the Pourreza transform to address certain fractional differential equations.
The connection between the Pourreza transform and the Laplace transform was explored in
greater detail, revealing additional instances of the Pourreza transform's applicability. A
unique methodology for tackling fractional differential equations was introduced, involving
the application of the Pourreza transform alongside binomial series extension coefficients.
The focus also encompassed the examination of various properties and illustrated examples.
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