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Abstract

In this paper, we investigate some new
oscillation criteria for alpha-fractional
differential equation. We obtained for the
oscillation of solutions by using the uniform
Lipschitz condition and convex function and
also using the generalized Riccati
transformation and Philo’s type. Examples
are provided to illustrate our theoretical
results.
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I. INTRODUCTION

Modelling real-world phenomena is thought to benefit greatly from the application of
fractional differential equation theory. In 17" century, the notion of fractional differential
derivative were first appeared. It is well known that fractional differential equations are a
more general form of the integer order differential equations, extending those equations to an
arbitrary (non-integer) order. The definitions involve integration most frequently which is
nonlocal: Riemann-Liouville derivative & Caputo derivative [1,2]. Those fractional
derivatives are complicated and lack some basic properties, like the product rule and chain
rule. Khalil [3], introduced a new fractional derivative called the conformable derivative or
a-fractional derivative which closely resembles the classical derivative [4-6]. They are
widely employed in biological, physics, electrochemistry, control theory, ecology, and
viscoelasticity as well as the electromagnetic field.

[7-10].

In the last few decades, there has been a lot of interest in deriving sufficient conditions for the
oscillation and non-oscillation of solutions of classes of differential equations [11-16].
Oscillatory solution plays an active role in the quantitative and qualitative theory of a-
fractional differential equations. Motivated by Nehari [17], we propose the following model
of the form

T (r()Tau(®) + p(OT,u(@) + u(§F(t,§) = 0, t € [0,), |x7 @)
here a € (0,1] is a constant.

The following assumption:

(A) T(9), (&) € TRy, R, T(©),p() > 0 and [ =dgs =,
The function F(t, &) is defined for t € [0,),¢ € (0,),

(Az) F(t, &) = 0;

(A3) F(t, &) is continuous in ¢ for fixed ¢;

(A4) In a neighborhood of every € in (0, ), F(t, §)satisfies a uniform Lipschitz condition,
(As) F(t,&) < 8¢(&), 6 is constant and ¢ is continuous function.

A solution of (1) is oscillatory if it has arbitrarily large zeros, and otherwise it is non-
oscillatory. Equation (1) said to be oscillatory if all their solutions are oscillatory.

This paper is organized as follows: We present the relevant definition and lemmas in Section
I1. In Section Il we discuss the main results and finally we present some examples to
illustrate our theoretical results.

Il. PRELIMINARIES

In this section, we give some basic definitions, integrals and lemmas which are useful
throughout the paper
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A. Definition: 1

Given f:[0,0) — R. Then, the conformable fractional derivative of f of order « is defined
by

etl—a)—
T, (F)(£) = lim,_, L0 ©

€

For every t>0, a€(0,1]. If f is a-differentiable in some (0,a),a >0 and

lim, o+ f* (t)exists, then we define

f(0) = lim,_g+ f* (t).

Definition: 2

EO© = 1@ = [ LD

where the integral is the usual Riemann improper integral and a € (0,1].
B. Theorem: 1
Let « € (0,1] and f, g be a-differentiable at some point t > 0. Then,

1. T,(af +bg) = aT,(f) + bT,(g), Va,b€ER,
2. T,(tP)= ptP~4, Vp € R,

3. T,(c) =0, cisconstant,
4

. Ta(fg) = fTa(g) + gTa(f),

6. If f is differentiable, then T, (f (1)) = ¢~ L2

C. Lemma: 1

To prove that T, {E{(rT,u)? + J(u?,&)] —u(rT,u)} < ®(u?§).
Proof.

T AT w)? +J(W?, 8)] —ul(rT,u)} = (rT u)2 +J(W?, &) + 28(rT,w)T, (rT,u)
+ 2&uT,uT,J(u? &) + f J@W?,&) —uT, (rTyu) — Tyu(rT,u)

&«
< O@? &) —uFW? &) (u—280Tw) — T,0Tu)(u — 28(T,w)) < d?,é).

Hence the proof.
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Lemma: 2

To prove that T, (§] (ué'+€,8)) = O(uEIE, &) + pe& T F (uEl*e, &),
Proof.

aa
T, (§J(uEY,8)) = J(uéE, &) + u(1 + )&V eT, J(uE*e,8) + €

aw](uf”is‘)

= oS, &) — ST F WS + u(1 + 8 F(ugte, )
= O(ug'e, ) + e TF (g, §).

Hence the proof.

I11. MAIN RESULTS

Oscillation with uniform Lipschitz condition

In the following theorem, we establish some new oscillation with uniform Lipschitz condition
and convex function.

A. Theorem: 1

Let F(t, &) be defined for t € [0,%), & € (0,) and satisfy the following conditions
a) F(t,&) =0,

b) F(t, &) iscontinuuous in &for fixed t,

¢) F(t, &) isneighborhood in every ¢ in (0,), F(t, &) satify a uniform Lipschitz condition,
d) For fixed &, F(t,¢) is a nondecreasing function of ¢t. If J (¢, &) is defined by

J(&,§) = 1,F(s, ) (2)

And if, for some positive e and all positive p, &/ (u&l*€, &) is non-increasing for & €
(a,»),a > 0, then equation (2) is non-oscillatory. This condition is the best possible in the

sense that the conclusion does not hold for e = 0.

Proof.

If a;and a,are two consecutive zeros of a solution of (1).

Io‘flr(s)(Tau(s))2 = I;'p(s)u(s)T,u(s) + I3 u?(s)F (u?(s), s). (3)

Since, € € (aq, ay),

(u(f))z = (I(fflTau(s))2 < (f;(%)‘xfaaf (T(Tau(s)))z d,s,

using (4), we get
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ar < 1;'E%F (u?(s), s). (4)
F(t, &) is (€ is fixed) a increasing function of t. By (2), J (¢, &) is convex in t, and we have

JW?, &) —J(ug, &)
u? — g

JWE, &) =(ué —u*)F(?,&) +J(w?,8).

< T J (% 9),

Hence,

uE*F(u?, &) < &7 1(J(ué, &) — u?F (u?,9)),

where p is arbitrary positive number and taking I, from a;to a,, using (4) we get

par < 1317 (J(ué, &) — uF (u%,9)). (5)

Our assumption imply that J(t, &) is decreasing in & for fixed t. As a result, the partial

derivative % exists for almost all £. We introduce the function
9] (t.8)
Ot &) = J(t,§) + tF(t, &) + § L (6)

oz
and we use the Lemma 1 and Lemma 2, we get

T, {{{rTu)? +JW?, O] — u(rT,w)} < dw?§), (7)
To (8] (g™, 8)) = @(ug™, &) + ped+F (ug'<,§). (8)
Since, & (u&'*¢, €) is decreasing for £ > a, it follows from (8)

D(ug e, €) + ped T F(ug'te,§) < 0

For u is positive and almost all & > a. So, let u&1¢ = u?, we get

d(u?, &) + eu?F(u?,&) < 0. 9
We using (7) in (9),

T {0 T,w? +JW?, O] — urT,u)} + ew’F (w?,§) < 0. (10)

Multiply by £%~1 and taking I;' between two consecutive zeros a,, a, of u,and by (2),
J(0,&) = 0, we have

ay (r(ax)T,u(az))* — a1(T(a1)Tau(a1))2 + el 6 ulF (Wt §) < 0.
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From (6), we get

epar + a; (r(az)Tou(az))? — a1 (r(a)Toular)) 2 < el ' €77 (ug, §). (11)
Here A = euar, if a, a4, ..., a,, are consecutive zeros of u and using (11),

mA < a(r(@T,u(@)’ = ap (remTeua,)) ? + elge " (ug, )

_ ar@Tau@)” + elgs Y (15,9

) (12)
The convexity of J(t, &), we obtain that
JQAEYE, ) = J(ug, &) + (A€ — wéF (ug, §) (13)

Here A is any positive number, If we assume A = ua™¢, then Aa® — u = 0. Since F(t,§) is
increasing function of ¢, (2) become that J(¢,¢) < %F(t, ). So,

(A8€ = W)EF (g, &) = (A& — wu~ 1 (U, §),
(13) become,

a®J(ua™c§4,8) = £ (g, §). (14)

By assumption, &/ (ua~€&1%€, &) is decreasing for & > a.Hence,
EJ(ua=€&1%€, &) < a J(ua,a), and (14) leads to

6o <(2) .

Thus,
I W, €) < [ J(ug, )de§ < =5 J (ua, a),
and (12) yields,
a
Z ((r(a)T u(a)) + J(ua, a))

for the number of zeros which a solution of (1), which vanishes at ¢ = a, can have in any
interval (a, b). Hence, all solutions are non-oscillatory, the theorem is proved.

Oscillation with Riccati transformation

In the following theorem, we are using the Riccati techniques and Philo’s type to demonstrate
the new oscillation.
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Theorem: 2

If there exists a function g € C*([0, ), R) such that

——— 2
limiSup; .. 15! (1 () = o) = oo, (15)

heregs (s) = expiif—215 g(s),1(s) = p(s)(r(s)g(s) — p(s)g(s) + 8¢(s) — T (r(s)g(s)).

Then every solution u of (1) is oscillatory.

Proof.
Suppose that u is a non-oscillatory solution of (1). We define the Riccati transformation,

w© = ¢ (“LeEL 4 1 ©9(0),

W2 p@OWE)
TWE) <@ — 755" (16)

Taking 151 on both side

w2 N p(s‘)W(E)>
r($)¢o(©) r(§)

W) = WO+ () — 208

4r(s)

ﬁnwws—ﬁw@—§<

P (s)P(s)

imiigup 152 -
limi#Sup 1, (‘/) (s) 4r(s)

&>

> < W(El) < o,

which leads to contradictions (15).

In the sequel, we say that a function H(¢,s) € C(D, R,) satisfying H(¢,¢) = 0,H(¢,s) >0
for ¢ >s>0, where D ={(§,5):§ >s5>0}, hi,h, eC(D,R,) , k(s) € C*(R,,R,)

Furthermore, H has continuous derivatives

a2 ,S)k FL )k
(H(gfsa)(s)): hl(f,s)ﬂH(f,S)k(S) ) wz —hz(f,s) /H(f,s)k(s) ) (f,S) €D,

Theorem: 3

Suppose that there exists a function g € C*([0, «), R) such that

- 1 f _1(p(s) M@mk““f _
l1r?:smup HE 2k I, H(f,s)k(s)(t/)(s) 4<r(s)+ IGOLO) r(s)p(s) | = . 17
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Then every solution u of (1) is oscillatory.

Proof.

Suppose that u is a non-oscillatory solution of (1). Multiply by H(¢, s)k(s)and taking 15;1 in
(16), we get

w? w
ISH(E k()T W (§) < —IFH(E k() (E) — IS H(E, $)k(s) <T(§)q(52) ¥ p(i)(f)(€)>

WZ h , 1-a
~H(E EK(EIW () < ~IE HE RIE) — [ HE k() (r( ot (o ) w<s)>

~ s 1(p(s) m&mkkaf
H(E, £)k (EW (§0) < —I H(E,S)k(s)<¢(€)+ 4<r(s)+ ) T

1
tow H(E $0)k(&))

1(p(s)  hy(§s)s'™
4

2
IS H(E, 5)k(s) (w(s) i) + IGOL0) > T(S)¢(S)> < W(&) <o,

which leads to contradictions. Hence the proof.

B. Corollary: 1

Assume that the conditions of Theorem 3 hold with (17) replaced by

i 1 §1 , _
hn;;sooup PRI I} H(\xi, s)k(s)y(s) = oo, and

miSup 7o 18 G k) (23 + ot 5)s )2 r($)p(s) < 0
b HGEKG) ") JHGE k) '

Then every solution u of (1) is oscillatory.

IV.EXAMPLES
A. Example: 1

Consider the conformable differential equation,
(ésiné — cosé)
. =0,
sin2é
here a = 1/2,r(s) =1,p(s) = 231—1/2 ,6 =1,¢(s) = ssins —coss, g(s) = _1/25,
¢(s) =sand
P(s) = s(_l/zs +s sins — coss).

)

..... S /4

limiz§up Iél (s(_l/zs +5s sins —coss) — ) = oo,
£

1
Ty, (Tau(©) + 57 T + 0269 (18)

16
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Hence, all the conditions of Theorem 2 are satisfied. Therefore, every solution of (18) is
oscillatory. In fact, u(¢) = sin ¢ is one such solution of (18).

Example:2
Consider the conformable differential equation,

iy, (£7271,u)) = Ty u@® -2 @5 2e =0, (19)
here o = 1/5,7(s) = €'/2,p(s) = =1,6 = 1,9(s) = 572, g(s) = /¢, d(s) = 1/, and
W) =2 (7Y, 5+ Yag+572).

2 §
%) < limi?@upL 1/Sz dgs <o,

§—ow 1

Hence, all the conditions of Theorem 2 are not satisfied. In fact, u(&) = e® is a non-
oscillatory solution of (19).

V. CONCLUSION

In this article, we have identified some new oscillation or non-oscillation criteria for alpha-
fractional differential equation. Since the obtained results are general forms of earlier works
they would help for the investigate in future studies. Examples are provided that to illustrate
our theoretical results.
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