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I. INTRODUCTION

This chapter deals with the Fibonacci and Lucas sequences [5,6]. To consider all the
sequences [7,8] of this type under one heading we are introducing generalized Fibonacci
sequence {Gn}, which is defined by [3] —

Gn = Gn.]_ + Gn-z, n 2 3 (111)
Gi=a,Gy= b

where, a and b are constants.

But this generalization does not include Pell sequence, associated Pell sequence, and other
sequences which can be similarly defined. To discuss all such sequences under one heading
we consider the sequence

{Sn}, defined by —

Sn+1 = k Sn + Sn_l (112)
where, S, and S; are arbitrary constants and k is any number.

We shall also introduce the two companion sequences {Hn} and {V,} defined by [4] —

Hn+1 = k Hn + Hn_]_ (n 2 1), HO = O, H]_ = 1 (113)
Vn+1 = k Vn + Vn_l (n 2 1), VO = 2, V]_ = k (114)
Thus the sequence {H,} and {V,} are particular cases of the sequences {S,}. The sequence
{Hx} reduces to Fibonacci or Pell sequence according as k = 1 or 2. Similarly the sequence

{V:} reduce to Lucas or associated Pell sequence according as k =1 or 2.

Il. DIFFERENCE OPERATORS E AND A

In this section we shall derive some new identities for the generalized Fibonacci numbers Gn,
with the help of finite difference operators E and A. These operators are defined by [1] —

E Gn = G (1.2.1)
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A G, = Gy — Gy, and (1.2.2)
A=E-1 (1.2.3)
Also, it is known that,

A (An Bm) = (E An) (A Bm) + B (A An) (1.2.4)
Since,

Gt =Gn = Gy
Therefore, we obtain
AG,=Gy
and in general,
A™ Gn = Gom (1.2.5)

Using the operators we obtain the following identities :

m m
Gom= X (-1 ( | Gremp (1.2.6)
p=0 P/
Gum= 3 fm] Gop (12.7)
p=0 P
“.
3 [m | Grp= T f’“] 2™ G (12.8)
p=0 P p=0 \
G2n+1 - an = Gn+1 Gn-1 + Gn Gn-1 {1 EQ:J
Proof

1. From equations (1.2.5), (1.2.3) and (1.2.1), we obtain

Gn-rn = .ﬂlm Gn
(E = 1) Gn

m
T (-1F Gnemp
p=0

which is the result of egn. (1.2.6).

2. We have
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G =E™G,
=(1+A)"G,

m m’
=¥ \ ]Gn.p
p=0

which is the result of egn. (1.2.7).

3. We have,

Y
(1+ElG,= ¥ f”‘ | Gueo
p=0 \P)
Now,

LHS.=(2+A)" G,

m {m"
- 8 (T2,
p=0 J

which is the result of egn. (1.2.8).

4. Setting An = Bn= G, ineqn. (5.2.4), we get

A (Gn Gn) = (E Gn) (A Gp) + G (A Gn)

which leads to the result of eqn. (1.2.9).

I11. EXPLICIT EXPRESSIONS FOR Sn, Hn and Vn

An explicit expression for the numbers S,, may be derived by the usual method for solving
difference equations. By this method we deduce that [2] —

S.=Xa"+Yp" (1.3.1)
where, oo and B are the roots of the equation.

tt—kt-1=0 (1.3.2)

and X and Y are suitably chosen constants depending on Spand S;.
From eqn. (1.3.2) we get,

a=Ye[k+ (k2 +4)"72]

B="alk- (k2 +4)"?]

giving,
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o+ =k,
of=-1,
a-p=(k?+4)"72 (1.3.3)

It follows that —

= S1-Sob
X= a B
_ S1-Sqa
Y= = 5 (5.3.4)
From eqns. (1.3.1) and (1.3.4), we obtain
n n n-1 n-1
Sn: (ﬂ _B }81+(ﬂ _ﬁ )Sﬂ {135)

a-p
Taking Sp =0 and S; = 1, the sequence S, reduces to H,, and from eqn. (1.3.5) we obtain,

_ un _BFI
Ho= S8 (1.3.6)

Taking, Sp = 2 and S; =k, the sequence {S,} is reduces to {V} and using eqn. (5.3.3), we
obtain,

Va=am+ fin (1.3.7)
From egns. (1.3.5) and (1.3.6), we have
Sn = Hn E-;1 + Hn-1 Sl:ZI “33}

Now we shall derive some identities involving these numbers.
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Since o is a root of the equation (1.3.2), we have

a‘=1+ka (1.3.9)

therefore,

'”] K o (1.3.10)

Similarly, we get

= ¥ '"] kP o (13.11)
FI:U .,

Hence, from egns. (1.3.1), (1.3.10) and (1.3.11), we obtain the identity —

n ind
Sp= ¥ [ | ks, (1.3.12)
= p_n'

Denoting (So%+ k So S1 — S1 2, and using eqgns. (1.3.1), (1.3.3)8) by and (5.3.6), the following
identities have been obtained:

Si2— Sn1 Sper = (1) 5 (1.3.13)

St Snep = Smep Sn = (-1)" 5 Hy Ho (1.3.14)
Semenvt = Smet Haet + S Ha (1.3.15)

Sumer e + (-17*! S H = Sener H, (1.3.16)

Hes Hoem — Hivs Hosmes = (-1)™* He Haom (1.3.17)

2= (-1)"" Ha (1.3.18)
8%.,— 82, =S, Ss — Sp Sana (1.3.19)
H, Vo = Han (1.3.20)

Similar results can be obtained for other sequences by suitably choosing the constants.
IV. GEOMETRICAL PROPERTIES OF {Sn} AND {Hn}

Theorem 1

Area of the triangle having vertices at the points with rectangular Cartesian coordinates (S,
Sn+r), (Sn+a, Sn+a+r), (Sn+b, Sn+b+r) IS |ndependent Of n.
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Proof
Twice the area of the specified triangle is equal to the absolute value of the determinant.

5n Sn—r 1
A= 5 1
5n+t:- 5r'|—|::u+r 1

n+a f+a+r

Using (1.3.15) for the second column the determinant can be written as —

Sp Sner Sp Snar
Het [Spia Snia +H Spia Snea-t
Sn-n Sn+t:| E‘n+t:- Sr'|+|::|—1

The first determinant is obviously zero; in the second on alternately subtracting the second
and first columns from each other, the suffixes can be reduced and finally we get —

S, Sp 1

":"'=iH' Sat1 Sa 1.
Spy1 Sp 1

according as n is odd or even.
On expanding the determinant along the third column we obtain,
A=4H, [ (Sa1 Ss—Sa Spet) — (S1 Su — Sp Spes)
+ (51 Sa— S0 Sa1),
which on using (1.3.14), reduces to —
A =% Hi [Ho— Ha— (-1)* Hpa] & (1.4.1)
Thus the area of the specified triangle is independent of n.
Particular Case

Taking T, =0, T; =1, k=1and e = h, a = 2h, b = 4h, we find that the area of the triangle
whose vertices are (Fn, Fn+n), (Fr+2n, Fn+sn), (Fnean, Frssn) is equal to —

Yo By (Frh — 2F2n) (14.2)
Duncan has proved that the area of this triangle is,
¥ [Fu(Fan — F2n) — (Fan Fan — Fon Fan)

which on using (5.3.17) simplifies to the expression given in (1.4.2).
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Theorem 2

Lines drawn through the origin with direction ratios Tn, Tn+a, Tn+b, where, a and b are any
integers are always co-planar for every value of n.

Proof

Direction ratios of any three such lines are Se, Se+a, Se+b, Sf, St+ar St+b, Sg, Sgta, Sg+b. these will
be coplanar if

Se Sesa Sesb
St Siia Spip| =0 (1.4.3)

5g 5g+a 5-;|+t>

On using the relation (1.3.15) the left-hand side of (1.4.3) can be written as the sum of four
determinants each of which is zero. Hence, the theorem is proved.

Theorem 3
The points having Cartesian coordinates (Sn, Sn+a, Sn+b), Where, a and b are any integers and n
= 1,2,3,....., are always co-planar and the plane through these points passes through the
origin, and its equation is independent of n.
Proof
Equation to the plane passing through any three such points is —

X ¥ z

Se Seia Desh

St Sfia  Stfsb
S S s

-0 (1.4.4)

g “g+a “g+b
where, e, f and g are particular values of n.

Here the coefficient of x is

= [ (Stea Sgeb — SterSgea) — (Seva Sgen — Sev Sgea)

+ (Sees Ston— Sern Sgeal]

= (1) [Hpal-1) Hgs — (-1)" Hge + (-1)° Hi) 6
The coefficient of y is obtained on putting a = 0 in the coefficient of x; the coefficient of z is
obtained from the coefficient of y on replacing b by a; the constant term is zero as is already
proved in (1.4.3).

Thus the equation to the plane simplifies to -
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(-1*HoaX—Hsy + Haz=0 (1.4.5)
This equation is independent of n. Also it does not depend on the initial values T, and Tj.
Particular Case

From (1.4.5) we obtain that the points (Fe, Fes2, Fess), € = 1,2.3,...; (L, L2, Liss), f =
1,2,3,...; (Gg, Gg+2, Ggss), g =1,2,3,...; all lie on the plane 2x — 5y +z =0.

Theorem 4
The planes —
S,,X + s‘ni-.aY + s‘n-bz + SI"I'll = D:
where, a, b, r are any integers and n = 1,2,3,...; all intersect in a given line whose equation is
independent of n.
Proof

Let two such planes be —

Sg- X+ Sgua}l' + Teqb Z+ Se” = D, {1 | E':l
Sr1+5r.ay+ SupZ + S, =00

The equations to the line of intersection of the parallel planes through the origin are

X y z

Se:aSfib —SesbSfia  SeSfib —Sesb>f  SeSfib —SesbSf

On using (5.3.14) and preceding as in (5.4.5) we obtain the equation of the line of intersection
of the parallel planes through the origin as —

X —_"l,-' z

(-1"Hy_s He Ha

The line of intersection of the planes given by (5.4.6) meets the plane z = 0, at the point given
by —

_-y_1
H,

Hy

X
(-1*H;_a

Thus the equation to the line of intersection of the planes given by (1.4.6) becomes

':_1]'pHaK_“‘r—a _Hay+Hp _

=, (1.4.7)
Hy a —Hy Ha

which is independent of n.

Copyright © 2023 Authors Page | 254



Futuristic Trends in Contemporary Mathematics

e-ISBN: 978-93-6252-416-4

1P Series, Volume 3, Book 4, Part 2, Chapter 13

GENERALIZED FIBONACCI NUMBERS AND DIFFERENCE OPERATORS

Particular case

The planes whose equations are —
FeX+Foyy+Fazz+Fas=0,e=123,...,
Lix+Lwiy+Llwaz+Llna=0,f=123,....,
Byx+Bguy+Bg:z+Bgs=0,g=123,...,

all intersect in the line %‘2 _y+3_z

2 -1
V. ATHIRD-ORDER DETERMINANT INVOLVING THE NUMBERS Sn

From (1.4.3) it follows that

SE Sa-m E‘a+m+n

St Spim Spimsn| =0 (1.5.1)
E‘r Sr-m 5r+m+n
for all integers a, b, r, mand n.
We shall now evaluate the determinant,
Sa+te Sg.m+€ Sgimun tE

Ay=[Bp +2 Sphim +® Sphimen t©
S +e S.,.,+te S

remsn T8

where, e is an arbitrary constant and a, b, r, m and n are any integers.

On writing the determinant as the sum of eight determinants; using the equation (1.5.1) and
the property that a determinant vanishes if two columns are identical, we obtain,

Sa Saim €
Ay =[5p Shim 8 +|.|+].-
S¢ Sim e
a Sa1 1
=eHmn Sy Spq 1+..+...
S, 5,4 1
The first determinant by using (1.3.14) can be written as —

o 1 i b1
= hEHmk-ﬂr Hp_p +(~1)*""Hy_g +(-1) H—D+al

Hence,
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A1 =89 [ (1) Hw— (-1)* Hp + (-1)* Hya] [Hin — Huen + (-1)" Hi] (5.5.2)
VI. FOURTH-ORDER DETERMINANTS

We shall now evaluate the determinant,

n+3 Sni2  Snia Snh
n+2 E:‘n+:]- Sn Sn+l
Sni1 Sn Sne3 Snuz )
Sn Sn+l Sn+2 S:‘n+:]-

Az =

Hence, we obtain,
Az = [(Snea * Snez)® — (Sner+SaF] [(Snes — Snez) — (8nar — Suf]
= (Sh+4 —SR.2)S7.1 —SP4)
= (Sz Sznes — So Szaee) (S2 Sz — So Sznz) (1.6.1)
on using (1.3.19).
VIlI. EVALUATION OF A CIRCULANT

We now evaluate the circulant

Sn Sn+g Sn—n_’m—‘l)g
Ay = qn—{m—ﬂg Sn Sn—nfm—i;g
Sn+g Sn—zg Sy

Let w be any one of the m numbers,

W, = COS E +isin E Ar=123,...,m)
T m

so that,
wm-1=0
Therefore, Ti=wy+w+wz+ ... +w, =0
Te=wi.wz+..=0
..=0

T = Wy Wo Wa Wy ... Wy, = (-1)™7

Copyright © 2023 Authors Page | 256



Futuristic Trends in Contemporary Mathematics

e-ISBN: 978-93-6252-416-4

1P Series, Volume 3, Book 4, Part 2, Chapter 13

GENERALIZED FIBONACCI NUMBERS AND DIFFERENCE OPERATORS

Hence,

m

I'I1[3,.r—n.l.r,2:|=1_.-"'“—z"’-J (1.7.1)
r=
Therefore, as discussed in -

m
m—1
Ag =l|:11{5n +WiSpak +ot Wr Sn+|:m—'1)g)

} HJGH“{1—WI“H"‘9}+ DE"(1- w™g™)

r= 1-waf 1—w,p?

- H {Tn - Tn+mg )- |:_'I}g""""'r'isn—k; - Sr1—{m—1;|g|]| |
“‘wrug}“'wrﬁg} ]

_ (Sn = Snimk)™ = (=)™ (Sn_g ~ Sn-(m_1g)"
(1-a™)(1-p™)

- '{sn _5n+mk }m _{_1}mh{sn—g _Sn+[m—1]g}m {1_?_2]
1+ (-1 —w
VIII.A THIRD-ORDER DETERMINANT WITH EACH ELEMENT AS THE
PRODUCTS OF TWO NUMBERS

We shall evaluate,

HoSmen H S H

n+a-~m+n+a n—a+b-5m+n—a+b

A= Hn—r-Sm—n+r Hn—r+a-5m+n—l+a Hn+r—a+b-5m+n—r+a+b

HoisSminss HnisiaSminssta Hnis:arbSminssiash
and shall show that A4, is independent of n
On using (1.3.16), we can write,
Hnva Smenea + (-1 Ho Smen = Ha Smeznep

Hence, multiplying the first column by (-1)***, (-1)*"** and adding to the second and third
columns respectively, we obtain,

Hn-5m+n 5m+2n+a 5m+2n+a+b

As= HaHau |'|r'|+r-":-"‘m+n|+r 5rn+2n|—2r+z| Sm|+2r'|—21+z|+b-
Hn+s-5m+n+s 5m—2n+25+b 5m—2n+25+a—h
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Hn-5m+n 5|'n+2r|.+sl 5m+2n+a—l

.I'ld= HaHapL-. Hn+[5

24 A4r 5r'n+2r|.—2r+s| Srr'.+2r'|—21'+=|—l

Hn+s-5m+n+s 5m+2n—2&+a 5rr1|—2r'|+.lfs+a—1
on using (1.3.15),

Now alternately subtracting the third and second columns from one another, we obtain,

Hn-Smen Sg Sy
Ay= Ha Hy Haww (1™ |Hpr Smener Sar Sorsq
Hn+s-sm—n+s 525 Sh"zs+1

= Ha Ho Hass (-1)™* [Ha Swen Hzaze — Hive Senener Has +
+ Hpis Sipenes Ha ] 8
on using (1.3.14)
Now with the help of equations (1.3.5), (1.3.6) and (1.3.7) we can write,
Huos Smenes Har = [Smiznezsezr — Smoznezszr + (<1)™* (Smz — Smezr)] / (02
Hence, we get,

{_1}m+ﬂTEHaHDH
Wao +2

M= ath :{5m+2’—25_5m—25—2r}+

+ (1) (Smazr- Smear) — (-1) (Smeze — Bmeze) | & (5.8.1)
which is independent of n.

IX. A FOURTH-ORDER DETERMINANT WITH ELEMENTS AS PRODUCTS OF
TWO NUMBERS

We shall now show that,

HaSa:im HaioSaim+o Ha+p53+m—p Ha+q53+m—q
_Hb5b+m Hp:oSbm+o Hn+p5b+m+p Hn+q5n+m—q

A% s

=0 (1.9.1)
-+ Hr-asr+m+n Hr+p5r+m-p Hr+q5r+m-q

HeSsim HsioSsim:o Hs+p53—m+p- Hs+q55+m+q
For all integers p, g, r, s, m, 0, pand q.

Multiplying the first column by (-1)*, (-1)***, (-1)°** and adding to the second, third and
fourth columns respectively; using equation (1.3.16) the determinant reduces to
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S2;|+m+|:n
S2I::1+m+|':|
Sorim+n

525 +M+0

523+m—p
52n+m-p
E'2r+n"|-;:|
S25+m+|::|

523+m—q
S2!:::+m-n|:|
E'2r+n"|-1:|
SEs+m—|:4

Expanding along the first column and using the equation (1.5.1), we find that the determinant
vanishes. The result (1.9.1) can be extended for the nth order determinants
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