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Abstract

In this research chapter, we
investigate the existence and uniqueness of
the solution to a nonlinear implicit
Fredholm integrodifferential equation. To
analyze the problem, we utilize the S —
iteration method. As the study of
qualitative properties typically requires
differential and integral inequalities, the
S — iteration method proves to be equally
important in the analysis of various
qualitative  properties, such as the
continuity dependence and closeness of
solutions. We provide an example that
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I. INTRODUCTION

Consider the nonlinear integrodifferential equation of the type:

1)

©) ... x(-1) @ ... x(-1)
() zg(t)+f:j:<t,s,x(5).x s, 2D (s), x (@), x @, - x (a),> ds,

x(),x®, -, x=D (p)

for t €1 =[a,b]. Let R stand for the set of real numbers, E =R XR X --- X
R (n times) be the product space and R, = [0,) be the given subset of R. We assume
FecCU?>xE3R),GeC(,R),andn > 1.

Many Iterative methods for certain classes of operators have been introduced by
several researchers, including their convergence, equivalence of convergence, and rate of
convergence, etc. (see [1, 3, 5, 8, 9, 15, 16, 17, 18, 19, 20, 21, 24, 25, 26]). Most of the
iterative methods focus on both analytical and numerical approaches. Due to its simplicity
and fastness, the S — iteration method has attracted attention and hence, it is used in this
chapter.

There is a sufficient amount of literature that deals with the special and even more
general version of the equation (1) by using a variety of techniques [2, 6, 10, 11, 12, 13, 14,
22, 23, 27, 28, 29, 30, 31] and some of the references cited therein. Recently, Yunus Atalan,
Faik Girsoy and Abdul Rahim Khan [4] have studied the special version of equation (1) for
different qualitative properties of solutions. Authors are inspired by the work of D. R. Sahu
[24] and influenced by the work in [4].

The primary aim of this chapter is to utilize the normal S —iteration method to
establish the existence and uniqueness of the solution for the problem (1). Additionally, we
provide a result of the data dependence for the solutions of integrodifferential equation (1)
through the normal S —iteration method.

Il. EXISTENCE OF SOLUTION VIA S —ITERATION METHOD

In terms of continuous functions x¥): 1 - R (j = 0,1,-,n — 1), we denote
x| = X [x @),

for (x(t),x'(t), ---,x(”‘l)(t)) € E, t €. Wedefine B = C"1(I) = C" (I, R), is the space
of all functions x which are continuously differentiable on I and endowed with the norm
Ix llp= max|x ()] (2)

It is easy to note that B with the norm defined by (2) forms a Banach space.
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By a solution of equation (1), it mean a continuous function x(t), t € I which is
(n — 1) times continuously differentiable on I and satisfies the equation (1). It is easy to

observe that the solution x(t) of the equation (1) and its derivatives satisfy the integral
equations (see [7], p.318)

xPD@) =6W@)
j () ... (-1 @ ... ym-1)
+ j‘b i:F t! SP X(S), X ) ) X . (S)l x(a)_l X ) ) X (a)' dS, (3)
a ot x(b),x'®) ... x®=D(p)

forteland0<j<n-1
We require the following pair of known results:
Theorem 1

([24], p.194) [thm1] Let C be a nonempty closed convex subset of a Banach space X
and T: C — C a contraction operator with contract factor k € [0,1) and fixed point x*. Let o,
and 8, be two real sequences in [0,1] suchthat a < a, <land B<B,<1forallneN
and for some o, 3 > 0. For given u; = v; = wy € C, define sequences u,, v, and w, in C as
follows:

Upp1 = (1 —a,)Tu, + a,Ty,,
y, = (1 = B)u, + BnTu,,n € N.

S-iteration process: {
Picard iteration: v,,,; = Tv,,n € N.

Mann iteration process: w,, .1 = (1 = S,)w, + B, Tw,,n € N.
Then we have the following:

o llupyq —x"NISk™1-—A—-k)aB]" luy —x* |, foralln € N.
e lv,.q —x"IISk™ vy —x* |, forall n € N.

o llwyyq —x"IS[1-A-K)B]" Iwg —x" I, foralln €N,

Moreover, the S-iteration process is faster than the Picard and Mann iteration processes.
In particular, for o, = 1, n € N U {0}, the S-iteration process can be written as:

UOEC,

Up41 = TYnf (4)
Yn = (1 - Bn)un + BnTunf neNU {O}
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Lemmal

([26], p.4) [lem1] Let {B,};—o be a nonnegative sequence for which one assumes
there exists ny € NU {0}, such that for all n>n, one has satisfied the inequality

.Bn+1 < (1 - .un),Bn + UnVns (5)

where u, € (0,1), for all n e NU {0}, YX7_ou, = and y, =0, Vn € NU {0}. Then
the following inequality holds

0 < limsupp, < limsupy,,. (6)

n—-oo n—oo

For our convenience, we list the following hypotheses:

(H1) The function F in equation (1) and its derivatives with respect t satisfy the condition

| aa_t]j?’(t, s, (), x'(t), -+, x* (1), x(a), x'(@), -+, x" "V (), x(b), x'(b), -+, "V (b))

a]
— o7 F(65,y(5),y'(9), -, y®@ (), y(a),y'(@), -,y P (a), y(b),y'(b),,y V(b))

n—1 n—1 n—1
<p () [a D RO =]+ Y 0@ -yO@| +7 ) [xOb) - y<i>(b>|],
i=0 i=0 i=0

forj =0,1,--,n—1, where p; (t,s) € CU* Ry) and a, B,y > 0.

(Hy) Me(a+ B +vy)(b—a) <1, where Mz denotes a positive constant such that
forallt,s €l

Mg = rnaXZ]’-l;1 p; (t,5):(t,s) € I

The following theorem establishes the existence and uniqueness of the solution of equation
1. ().

Theorem 2
Assume that hypotheses (H;) — (H;) hold. Let {&,};—, be a real sequence in [0,1]

satisfying X, & = . Then the equation (1) has a unique solution x € B and normal
S —iterative method (4)  (with u; = x;) converges to x € B with the following estimate:

e — 3 [ M@ E—)
ke+1 B= l-mp@prno-olsk ¢

Il xo —x 5. (7)
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Proof: For x(t) € B, we define

(Tx)(®) =6(t)
+fab7-" (t, s,x(s),x'(s),---,x(”_l)(s),x(a),x’(“),---,x(”_l)(a),x(b),x'(b),---,x("_l)(b)) ds, (8)

fort €I =|[a,b].
Differentiating (8) on both sides with respect to t (see [7], p. 318), we have

TP = QU)(t)
+ [P L (£:5,2(), @, -, x@ (), x(2), x@, -+, xD(@), 2(b), x @), -+, x" V(b)) ds,

a Jt)
9
forteland0<j<n-1.

Let {x; }5x—o and {x(’)}kzo, (j =1,---,n— 1) be iterative sequences generated by normal
S —iteration method (4) for the operators given in (8) and (9) respectively.

We will show that x;, — x as k — .

From method (4), equations (3), (9) and hypotheses, we obtain
241 () — x(®) g

n—1
= Z|xk+1(i)(t) — x(])(t)l
j=0
n—1
N CARGEIGORIG]
=0
n—1
= 169®
=0
b o/ , '
+ ﬁf (t 5,7,V (), -, v (), ¥ (@, .Y, -+, 7 B (@), yi (0), 3,2, oy, B (b)> ds
_g(z)(t)
b
- %T(t 5,x(5), x'(s), -+, x" D (s), x(a), x'(a), -, x® D (a), x(b), x'(b), -, x® D (b))ds|
L , :
= Z [ 15577 (655655 D, 7@ D@ A 1 B)
j=0"¢

—aa??-"(t 5,x(5),x'(s), -, xV(s), x(a), x'(a), -, x™*V(a), x(b), x'(b), -, x V(b)) |ds

n—1 n—1
Z f P (&) l Zl(yk)@(s) —x0()| + Zl(yk)@(a) ~xO@| +y Zl(yk)@(b) - x<i>(b)|] ds

<[ Z|(yk>°>(s) ~x0(s)] + 8 Zl(yk)@(a) 20|+ Zl(yk)@(b) —xO@lds. (10)
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Similarly,

e = Xl
n-1
- Z|yk<j)(t) —xD(1)]
j=0
n-1
= Y 1= 0[P © =20 @] + &[TV © - TV

j=0

n—1 n-1
- Iu =50 ) 1 O®O = VO] +§ ) [Tx)0 0 - 00|
j=0 =0
n-1
<[1-8) ) [P © -0
=0

b n—1 n—1 n-1
45y [ 1a Y |00 = 20G)] + 6 Y |60 @ - 20@] +y Y | O6) - xOWids. (D
¢ =0 i=0 i=0

Taking the supremum in the above inequalities, we get

b
I X1 —x g SM?][“"‘[”"‘V]"}’k_quds
=Mzla+B+yIb—a)lly, —x g, (12)
and
b
Iy =%l < [0= 60 W —x Uk EMr [ (a+ B+ 7) e = %l ]
a

<[

=[A=&) lxg —x llg+ §Me(a+ B +y)b—a) ll x; —x lig]
=[A-&)t&Mz(a+p+y)b—a)]lllx, —x g
=

1-§(1=Mp(a+B+y)b—a)] ll x, —x I, (13)
respectively.

Therefore, using (13) in (12), we get
o —xllp < (M:F(O-’ +B+y)(b - a))[l - fk(l —Mg(a+p+y)b - a))] I x, —x llg. (14)

Thus, by applying induction on k, we get
I X1 —xllp < (M?(a +B+y)(b — )kt H,k:o[ 1-¢; (1 —Mz(a+p+y)b - a))] Il xp — x ll5.(15)

Since ¢, € [0,1] for all k € N U 0, the assumption (H,) gives
(<1 and Mz(a+pB+y)b—a)<1
=& Mp(a+B+y)(b—a) <&
=>&[1—Ms(a+B+y)(b—a)]<1, VkEN. (16)

From the classical theory, we have
1-x<e™, x€[01].
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Hence, by using this fact with (16) in (15), we obtain

I xess —x Iy < (Mp(a + B +7)(b — a))+ie (Mr@HBMO-D)Tjmod) | x) — x ||,
(17)
This is (7). Since X & = o,

e~ (IMp@+B+G-) 08 0 a5 k — oo, (18)
which implies limy ., Il x,41 — x llg= 0. This gives x;, = x as k - o,

Remark: It is notable that inequality (17) gives the bounds in terms of known functions,
which majorizes the iterations for solution xt of equation (1) as well as its derivatives.

I11.CLOSENESS OF SOLUTION VIA S —ITERATION METHOD

Now, we discuss the continuous dependency of solutions of (1) on the functions.
Consider the problem (1) and the corresponding problem

EO=HE®+ [, L (t, 5, %), %7, V() %(@), ¥V, -+, 3" P (@), %(6), x P, -+ ,f("‘“(b)) ds, (19)

fort € I = [a, b], where £L € C(I? x E3,R), € C(I,R), and n > 1 is an arbitrary integer.
A solution to equation (19) refers to a continuous function x(t), where t belongs to the
interval I. This function must be continuously differentiable for (n — 1) times on I, and it
must also satisfy the equation (19). It is worth noting that the solution x(t), along with its
derivatives, meets the integral equations (see [7] , p.318)
@) =xO@
2 e (65 FOFY, - TV F@F - V@ E0,FY, 7T B) ) s, @20)

forteland0<j<n-1

Following steps from the proof of Theorem 2, for x(t) € B we define the operator for the
equation (19)

(Tx)(t) =H(®)
065767, F TV, 5@,FC, - T V@70, FY, - T ) ds, @)

fort € I =a,b].
Differentiating both sides of (21) with respect to t (see [7], p. 318), we get

)@ =xDw

+ 2L (t, 5 7)Y, 3 (9), %), 7" (@), x(b), 7", ,x<"-1>(b)) ds, (22)

forteland0<j<n-1.
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The following theorem addresses the closeness of the solutions for problems (1) and (19).
Theorem 3

Consider the sequences {xy}r—o and {Xy}x—o generated by normal S — iterative
method associated with operators T in (9) and T in (22), respectively with the real sequence
{& Hr=p In [0,1] satisfying % < & forall k € N U 0. Assume that

e all the conditions of Theorem 2 hold, and x(t) and x(t) are solutions of (1) and (19)
respectively.
e there exist nonnegative constants ; and €; such that

69®) -HDP®)|<g, VEeL (=01,-,n—1), (23)

and
| ;_;T(t' s,x(t),x’(t), lx(nil)(t)ﬂx(a);x/(a)ﬂ Y x(nil)(a)' x(b)' x’(b), ] x(nil)(b))

- a—j.L(t, 5,x(t),x'(@), -, x® V@), x(a), x'(a), -, x D (a), x(b), x'(b), -, x =D (b))|

at/

<pi(t,s)g, Vtel (=01, ,n—1). 24)
If the sequence {x, };;—, converges to X, then we have

3[My(b—a)e+e]
1-Mz(a+B+y)(b—a)’

Il x—x < (25)

Proof: Suppose the sequences {x;}r—, and {x;};—, generated by normal S — iterative
method associated with operators T in (9)and T in (22), respectively with the real control
sequence {&;}5=o in [0,1] satisfying %s &, for all k € N U {0}. From iterative method (4)
and equations (3) with (9); (20) with (22) and hypotheses, we obtain

Copyright © 2024 Authors Page | 74



Trends in Contemporary Mathematics

e-ISBN: 978-93-6252-416-4

IIP Series, Volume 3, Book 4, Part 1, Chapter 6

EXISTENCE OF SOLUTION FOR NONLINEAR IMPLICIT FREDHOLM
INTEGRODIFFERENTIAL EQUATION VIA S-ITERATION METHOD

%41 () — X1 (O g

= e ® - Fen Vo)
j=0
n—1

= > | - @5)" )|

] 0

Z 169 - 7O

@f 5,9V OO @ 3+ 7 D@, 9 0,7, DB ) ds
- f LT (.3, 5, " ©.5,@.3, @, 5" @,5,0,5,0),-.3," ®)as|
n—1
< €
n-1 . a]. , ,
+ 2, ) 157 (65760, DOy @y 3 TP @, 307 3 )
ot
j=0
a n— n— n—
~ 57 L6555/, 5" V0.7, @5, @5, @,5,0),7,®), .5, o)lds
n—1
< €
<[t , ,
2] 1577 (6805 @, 3 V@, 7 3@y 0,y 7 @)
ot
/=0
a n— n— n—
o7 T(tsyk(s) 7, 7"V ©),7,@,5, @, 5, @,5,0,5,®), .5, ®)lds
+ | tsyk(s)y‘” -7, .7,@.5, .5, P @,5,0),5, .5, ®)
at/
0 (n 1) (n 1) (n 1)
at, ——=L(t,5,5,(5),y,'(s), (),y,(a),y,'(a), (a),y,(b),y,'(b), (b))lds

SZej +MTZJ € ds
j=0 j=0"¢

n-1 n-1 n-1 n—1
sy [ 5 9) [“Z 0096 -7,76)] +8 ) |000@ -5, @] +7 ) |00 —ik(i)(b)|] ds
=0 a i=0 i=0 i=0

< e+ Mze(b—a)
n—1 n-1 n-1
4y [ L Y0096 -7,26]+ 8 |009@ -7, @[ +r Y |000®) -7, ®)|1ds
a i=0 i=0 i=0

(26)
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Similarly,
[AGESAG]H

n-1

= 0 -390
=0
n-1

= Y1 -8 0 -50)] + & |Tx0© - 77) o))
j=0
n—1

n—1 .
= Iu —80 Y P -500] +& ) [rxP® - T%)7 ©|
j= '

j=0

n—1
<=8 ) [u PO =B O] + il + MrE - )]
/b=0 n—1 ) n-1 ) n—1 '
45y [ 1a Y |00 -7+ ) |[0@ -7@] +7 Y [w@)0®) -7 b]as. @
¢ =0 i=0 i=0
Taking supremum in the above inequalities, we get

b
" xk+1—fk+1 "B SE+MTE(b—a)+MTf [a’+,8+y] ” Vi _yk "B ds
a
=e+Mzpe(b—a) +Mzla+ B +y](b—a)lye =y, I, (28)

and

b

Ny =y, g < (=& Il x, —x ||B+fk[E+MTE(b—a)+Mff (a+B+v) Il x —x; lIp ds]
a

=1 =&) Il xg =Xk Mg+ Eele + Mre(b —a) + Mp(a + B +y)(b—a) Il X — X 5]
=& (e+Mpe(b—a)) +[1-&(1— Mz(a+ B +v)(b— )] Il x — X I, (29)

respectively.

Therefore, using (29) in (28) and using hypothesis (H;), and %s &, forall k e NU 0, the
resulting inequality become

I X1 — X1 g < [1=&(1—Me(a+B+1)(b—a)] Il x — X NI
+&.(e + Mye(b — a)) + 2§, (e + Mre(b — a))
<[1-&(1-Mea+B+y)(b—a)] ll x; — % llp
3(6 + Mze(b — a))
Mz(a+ B +y)(b—a))

+(1 = M@+ f+7)0 =) 77— (30)

We denote
,Bk =|| X _xk ||BZ 0,
e =&(1—Mp(a+B+y)b—a))e(01),
B 3(6+M¢E(b—a)) -0
C(1-Mp(a+B+y)b—a)

Yk

It is to be observed that inequality (30) satisfies all the conditions of Lemma 1, therefore, we
get
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0 < limsupf, < limsupy,

k—o0 k—o0

: _ , 3(e + Mze(b — a))
=0 <limsup Il x;, — x; llz< limsup
k- k-0 (1 - MT((X + ﬁ + y)(b - a))

3(6 + Mze(b — a))
Me(a+B+y)(b—a)

(BD

=0 <limsup |l x, —X; < @

k—o0

By (i), we have lim,,_,.x; = x. Using this fact and the assumption lim_,..x;, = x, we get
from (31) that
I =% llp< iz ]

1-Mz(a+B+y)(b—a)’

(32)

Remark: The inequality (32) shows how the solutions of the problems (1) and (19) are
related. If the functions F and G are close to £ and #, respectively, then not only are the
solutions of the problems (1) and (19) closer to each other (i.e. | x — x llg— 0), but they also
depend continuously on the functions involved. Additionally, this inequality estimates the
derivatives of the solutions.

Now, we focus on analyzing how solutions depend continuously on certain
parameters.
Consider the problems

x(t) = G(©) + fab F (¢ 5,%(5),x @, o x®@=D(5) x(a), x @, -, x®=D(a), x(b), x'®, -, x@~D (b), 111 )ds, (33)

and
%) = 60 + [ F (6,5,7(6), 7, ¥ (),%5@), ¥ @, 2 V@, 70), 7, F Vb)) s, (34)

fort € I = [a, b]. The functions F, G are defined as in (1) and 4, 1, are real parameters.
A solution to equation (33) is a continuous function x(t) defined on the interval I,
which is differentiable (n — 1) times and satisfies the equation (33). We can observe that

both x(t) and its derivatives satisfy integral equations. (see [7], p.318)

(@) =69®
+f:;—t],7-"(t, 5,%(5),x'®, -+, x=D(s), x(a), x' @, -+, xD(a), x(b), x ), -+, =D (b), py )ds, (35)

forteland0 <j<n-—1

Now, following the steps from the proof of Theorem 2, for x(t) € B, we define the
operator for the equation (33)

T =61
b
+f F(t,5x(5),x®, -, x0D(s), x(a), x @, -+, xD(a), x(b), x ®, -+, x®=V (D), uy )ds,  (36)

fort € I = [a,b].
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Taking derivatives on both sides of (36) with respect to t (see [7], p. 318), we get
TP =69®

b aj
+f 57 T (£5,2(), @, x070(8), x(@), @, -, x 7D (@), (), D), oo, X0V (B), py ) s,
a

@37
for teland0<j<n-1.
Similarly, for the equation (34), we define
0 =60
o
+ %L (657, x, - 7" V() %@, 7, 7" P (@,%0), %, Z" V() 1y) ds,  (38)

forteland0<j<n-1

Again, following the steps from the proof of Theorem 2, for x(t) € B, we define the operator
for the equation (34)

(Tx)(®) =6()
b

+ f F(t,5%),x, - 3"V (6),7@),7 @, F" P (@,70), 7, 2" Vb)) ds,  (39)
fort € I =a,b].
Taking derivatives on both sides of (39) with respect to t (see [7], p. 318), we get

)" =690
b o/

+ ﬁ F (t! S, E(s); E'(S); ) E(n_l) (s)' E(a)! E,(a)' ] E(n_l) (a)' E(b)' Y’(b)’ ) E(n_l) (b), I’tz) ds:
a

(40)
forteland0<j<n-1.

The next theorem asserts that the solutions depend continuously on the parameters.
Theorem 4

Consider the sequences {xy}r—o and {Xy}r—, generated by normal S — iterative
method associated with operators T in (37)and T in (40), respectively with the real sequence
{& r=p In [0,1] satisfying % < & forall k € N U {0}. Assume that

e the hypothesis (H,) holds.
e the function F satisfy the conditions:
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| a—}'?’(t, 5,%(6), x'(£), -, x" D (6), x(a), x'(@), -, x "V (@), x(b), x'(b), -+, x "V (b), iy

ot/
Gl
— 557 F65y(),y'(s), -,y V() y(@), y' (@, -,y "7 (@), y (1), y' (), -+, y " (), )
n—1 n-1 n-1
<p(es)|a ) [xO6) =y )|+ ) xO@ - yO@)| +y Y O - y<f>(b)|]. (41)
i=0 i=0 i=0

| %T(t' S, X(t), x'(t)' ] x(n—l)(t)'x(a)' x'(a)l Y x(n_l) (a)' X(b), x'(b)l ] x(n_l)(b)' .ul)
- %T(t, 5, x(),x'(t), -+, x"V (), x(a), ' (@), -+, x" 7V (a), x(b), x'(b), -+, x " (b), )|

< pj(tls)lﬂl _#2|! (4’2)

forj=0,1,---,n— 1, where p;(t,s) € C(I>,R}) and a, B,y > 0.

Suppose x(t) and x(t) are solutions of (33) and (34) respectively and if the sequence {Xy }—o
converges to x, then we have

3[Mgluy—pz1(b—a)]
1-Mz(a+B+y)(b—a)’

lx—Xlz< (43)
Proof: Suppose the sequences {x,}r—o and {x;}x—, generated by normal S — iterative
method associated with operators T in (37)and T in (40), respectively with the real sequence
{&1 Y=o In [0,1] satisfying %ka for all k € NuU{0}. From iterative method (4) and
equations (35) with (37); (38) with (40) and hypotheses, we obtain
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%41 () = Xpeq1 (D)

n—1
= Z |xk+1(i)(t) - Ek+10)(t)|
o |
= > | - @5)" )|
] 0

Z 169@ - GO

@f 5,360, Yk, 7 "D, 7@, 5, 7 D@,y 0,3, 3 D B), ) ds

& TR 53,95, 5,V O.5,@,5,@, 3, @,5,0),5,0), 5, 0, w)ds
<Z f | (15 YA, DD 1@ 5, 9 D@,y 05 3 D)
aat, F(65.5,).5,/6), 7, 6).5,@.5, @7, @,5,0),5,®),,5," " ®),m)lds
_Z f w? 5,308, Y5 (), 3 D), 7@, 5, 7 D@,y 01,3, 3 DB )
aat, Pl 005, 6 7" ),5, @57, @, 3, @,5,0),5,®), 3, ®),u)lds
+Z j =P (6570505, P ©.5,@5°, 5, @ 5,05, 5, 0, m)
;t, F(6,5,7,),7, )7, " $).5,@.5,@, 7, (@,7,0),5,/®), .5, b, up)lds

<MTf Iy — walds
n-1 n-1 n-1
+Z f P s)[ Y o0 -7,6]+ 8 |o00@ -7, @[ +7 ) |000®) -7, @) |ds
i=0 i=0 i=0
SMT|#1 w2l (b —a)
n-1 n-1 n-1
+My f 'l Y o0 -7,6]+ 8 |o00@ -7, @[ +7 ) |009®) -7, ®)|1ds. (44)
@ i=0 i=0 i=0

Similarly, we have
AGESAGIE

n-1

=> 0 -720)
=0
n-1

= Y10 -8) 0 -5 0] + & |Tx0© - 77) o))
j=0
T n—-1 ) n-1 )
= l(l ~80 Y 2@ -50] +& Y |0 - 750" 0]
j=0 j=0
n—1
<1-8)) [ 0® -5V ©)| + &lMrlts — a0 - a]
j=0

n—1
+eMy | e |06 -506) +ﬁ2 |0 @ -7 )| +VZ |@O®) -5 O Wfids.  @s)
a i=0
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Taking supremum in the above inequalities, we get
b
I X1 = Xpsa g < Mplpy — 2| (b — a) +Mff [a+B+y] Iy =y, lIpds

= Mglpy — p2l(b — a) + Me[a + B +y](b —a) l y, =¥, I, (46)
and

b
Iy =y, g <@ =& Il x —x ||B+fk[Mf|ll1—Mz|(b—a)+M7-'f (a+B+v) Il x, —xi lig ds]

=@ =&) xp —xp g+ & [Mplug — p2l(b —a) + Mz(a + B +v)(b —a) | x — X llp]

=& Melpy — pzl(b —a)) + [(A = &) + EMp(a+ B +y)(b —a))] Il x — X llp

= &Mzl — 2l (b — @) + [1 =& (1 = Me(a + B +¥)(b — )] Il xc =% lIp, (47)
respectively.

Therefore, using (47) in (46) and using hypothesis (H,), and %S ¢, forall k e NuU 0, the
resulting inequality become

I xes = X1 s < [1=&(1=Mp(a+B+y)(b—a))] Il x — % Il
+& (Meluy — 2l (b — @) + 28 (Mylpy — p2|(b — @)
<[1-&(1-Mp(a+B+V)b—a)]| I x, — % llp

+& (1= Mz(a+B+7)(b—a)) (13_(1‘1\//11i|(l;1+_ﬁ#j)|/()b(;i31)))' (48)

We denote
Br =l x, —x, lg= 0,
we =& —-Mp(a+pB+y)b—a))e(01),

_ 3(Mrlu1—u21(b—a)) >0
(1—M¢(0{+B+y)(b—a))_ ’

Yk

Now, it is to be observed that, the inequality (48) satisfies all the conditions of Lemma 1,
therefore, we get

0 <limsuppf; < limsupy;

k—x k-

: = : 3(Mzlu1—p2l(b—a))
0 < lmil—{g Il x;, —xp lIp< lmigg M @847 (=)

3(Mrlu1—uzl(b—a))
1—Mg:(oc+ﬂ+y)(b—a))'

=0 <limsup |l x, —x < 0 (49)

k—o

By (i), we have lim;_x, = x. Using this fact and the assumption lim;_.x;, = x, we get
from (49) that

3[Mrlp1—uzl(b—a)l
1-Mz(a+B+y)(b—a)’

Il x =% llp< (50)

Remark: The concept of "dependence of solutions on parameters” refers to how the
properties of a solution change when certain scalar parameters are varied. It is important to
note that the initial conditions do not involve any parameters. However, the dependence on
parameters plays a crucial role in many physical problems.
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IV.EXAMPLE

We consider the following integral equation:

—t _ o
x(t) _ t+; n fol 3t525 [s smz(x(s)) n x(O)—;x(l)] ds, t € [0’1]. (51)

Comparing this equation with proposed equation (1) for n = 1, we get

t+et

G(t) ==—e ¢ = [01], R);

F(t,s,x(s),x(0), x(1)) = 3t;25 [S_Singx@)) + x(o);x(l)] € C(I? x R3,R).

Now, we have

|T(t,s,x,x(0),x(1)) —T(t;S;Y(S);Y(O)IY(l)N
3t —2s [s — sin(x(s))) N x(0) + x(1)] _3t—2s [s —sin(y(s))) . y(0) + y(1)]|
5

5 2 3 2 3
- |3t - Zs| s —sin(x(s))) 5= sin(y(s)) N [x(0) +x(1)  y(0) +y(1)
-l s 2 2 | 3 3
3t—2s|r11 1 1
< | ! - 5| [E [sin(x()) = sin(y())| + 3 1x(0) = ()] + 5 Ix(1) - y(l)l]. (52)
Taking sup norm, we obtain
I F(t5,2,2(0), x(1) = F(£,5,7(), (0, y(D) I <sup P2 (G+5+3) 1 x =yl
t,sel
<:DHrx-yI
=Zlx-yl, (53)
3 1 1 1
Wherer—E, Of—z, ﬁ—g, )/—g
Therefore, we the estimate
3/1 1 1 7 7
Mp(@+B+7)(b-a) =2(+3+3)(1-0)=F-x1==<1. (54)

We define the operator T: B = C(I,R) - B = C(I,R) by

(Tx)(t) = t+§—t n fol 3t;25 [s—sinz(x(s)) n x(O);—x(l)] ds, t € [0,1]. (55)

Since, all the conditions of Theorem 2 are satisfied, we can conclude that the
sequence x;, associated with the normal S —iterative method (4) for the operator T in (55)
converges to a unique solution x € B.
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Further, we also have for any x, € B

[Mz(a+B+y)(b—a)]**1
el1~MF(a+p+y)(b—a)] T o

7 1k+1

e[l_%]z:;(:O $i
(l)k+1
< 1lxo—xI (56)
e(ﬁ)&‘:ofi
7
(31_0)k+1
e(ﬁ)ﬂ:ofi
7
(E)k-'-l

S—a T llxg—xIl
—_ k T 0 )
e(m)2i=01_+i

I X1 —x1llp < Il xg —x |l

Il xo —x |l

Il xg —x |l

for ¢, = 1%1 € [0,1]. The estimate obtained from (56) is a bound for the truncation error at the
k-th iteration of computation.

Next, we consider the perturbed integral equation:

¢ 3 = — =
() = t+23e n fol 3t525 [s smz(x(t)) N x(0)43-x(1) _ +%] ds, t € [0,1]. (57)

Similarly, comparing it with the equation (19) for n = 1, we have

_t+2et — — — _ 3t=2s [s—sin(x(t)) |, x(0)+x(1) _ 1
() =22, £(t,5,%(s), %(0),¥(1)) = 2[R TR g 4 o).
Now, we define the mapping T: B = C(I,R) —» B = C(I,R) by
= t+2e~t 13t—2s [s—sin (x(t) x(0)+x(1) 1
(Tx)(0) = =—+ [, = S[S 5“2(" ) 4 % - —s+;] ds, t € [0,1]. (58)

According to Theorem 2, all conditions of the perturbed integral equation are
satisfied. Consequently, the sequence x), related to the normal S —iterative method (4) for the

operator T in (58) converges to a unique solution x € B.

The estimates below are what we have now:

t+e ™t t+2e”t t+2et—t—2e7t et

() —H ()] = | = | = | =<i=eq,tel=[01] (59)

|F(t,s,%,x(0),x(1)) —£L(t,s,x(s),x(0), x(1))]
_ |3t=2s s—sin(x(s))) x(0)+x(1) _3t—2s s—sin(x(t))
e w |

o), o,y

<B_q. (60)

Let us consider two sequences {x; };’—o, and {x; };-, generated by the normal S —
iterative method associated with operators T in (55) and T in (58), respectively. Here,
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x) approaches a limit x as k — oo and X, approaches a limit x as k — oo. Let {{, };—, be a
real sequence in the interval [0,1] such that% < & forall k € NU {0}. From Theorem 3,
we can conclude that:

3[Mp(b—a)er+eq]
~ 1-Mg(a+B+y)(b—a)
- 3[%(1—0)%%
S
27 458
175 _ 458
= Too (61)

Ilx—xllg

=l x—xllg

=>lx—xlp

10

The statement highlights the extent to which solutions are influenced by the functions
involved and how closely related these solutions are.

Now, we demonstrate how the solutions are dependent on real parameters. Let’s
examine the integral equations that involve real parameters:

+et 13t-2 —si 0)+x(1
(t) t : fo t5 s[s smz(x(s)) x( )3x( )] s Lt [0’1] (52)
and
-t — —qi
(t) t+; fol 3t52$ [s smz(x(s)) x(0)+3x(1)] s ot [0’1]. (63)

Therefore, by using similar arguments and referencing Theorem 4, one can have

< 3[Mzlpus — p2|(b — a)]
T1-Mp(a+B+y)(b-a)
3
321w — pal (1 - 0))]
S 3
10
3
32 I — 1z
- 3
10
3
3zlm—ml 9 10

Slx—x <5 x| -
lx—xllpg < 3 T X3 |y — syl
10

=>lx—xlp <6lu —ul (64)

Ilx—xllg

=l x—xllg

=>lx—xlp
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