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Abstract

A perfect edge Roman dominating
function (PERDF) of a graph G = (V,E) is
a function f:E(G) - {0,1,2} which
satisfies the rule that every edge x with
f(x) = 0 is adjacent to exactly one edge y
with f(y) =2 so that Y.ene) f(e) = 2.
The weight of a PERDF is Y c ) f ().
The minimum 3, () f (x) is the perfect
edge Roman domination number (PERDN).
The symbol yF(G) is used to denote
PERDN. In this paper, we introduce and
investigate perfect edge Roman domination
in graphs. We obtain strict bounds for
PERDN and determine PERDN for some
standard graphs.
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I. INTRODUCTION

Let G = (V,E) be asimple connected graph. Let K be a subset of V(G). If each vertex
that is not in K is adjacent to a vertex of K, then K is said to be a dominating set. The
minimum cardinality of a dominating set of G is the domination number y(G). Mitchell and
Hedetniemi [8] introduced edge domination in graphs. A collection M of edges of E(G)
form an edge dominating set if every edge of G is either in M or is adjacent to an edge in M.

The edge domination number (EDN) is the minimum number of elements in an edge
dominating set of G. The symbol y'(G) is used to denote the EDN. The collection M is called

a perfect edge dominating set if each edge that is not in M is adjacent to one and only one
edge in M.

Motivated by Stewart’s article “Defend the Roman Empire” [3], Cockayne et al. [1]
introduced Roman dominating function (RDF). The edge version of Roman domination was
introduced by Roushini Leely Pushpam et al. [7]. A function f: E (G) — {0,1,2} having the

property that each edge e with f(e) = 0 is adjacent to an edge e, withf (e, ) = 2 is called an
edge Roman dominating function (ERDF). The weight of an ERDF is X, - f(e). The
minimum weight of an ERDF of G is called the edge Roman domination number y’_(G). The

perfect Roman domination was introduced by Henning et al. [5]. A function
f:V(G) — {0,1,2} is called a perfect Roman dominating function (PRDF) if it satisfies the

rule that each vertex v with f(r) = 0 is adjacent to exactly one vertex u withf (x) = 2. The
weight of a PRDF is X, -y f(u). The minimum X, g f(u) is called the perfect

Roman domination number y (G).

Chellali et al. [6] introduced Roman {2}-domination. Henning and Klostermeyer [4]
renamed it as Italian domination. We have introduced the edge version of Italian domination
in graphs in [9] and its perfect version in [10]. A function f: E (G) — {0,1,2} which has the
property that every edge x with f(x) =0 is adjacent to an edge y with f(y) =2 or is
adjacent to at least two edges z, and z,with f(z;) = f(z,) = 1 is called an edge Italian
domination function (EIDF). The weight of an EIDF is X, -z f(x). The minimum
Xxer f(x) is the edge Italian domination number  y/(G). If the function
f:E (G) — {0,1,2} satisfies the rule that every edge x with f(x) = 0 is adjacent to exactly
one edge y with f(y) =2 or is adjacent exactly two edges z; and =z, with
f(z,) = f(z;) =1, then f is called perfect edge Italian domination function (PEIDF). The
weight of a PEIDF is X . - 5(¢) f (x). The minimum X, - g4 f (x) is the perfect edge Italian
domination number ;7 ().

We now review some results which are used in the sequel.

Theorem 1.1: [9] For the path graph F,, y',(B,) = [%n] and for the cycle graph C,,,

}':R(Cn) = [Z?HI
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Theorem 1.2: [7] For every graph G, ¥'(G) = v/(G) = yz(G).
Il. PERFECT EDGE ROMAN DOMINATION

In this paper we introduce and investigate the edge variant of the perfect Roman
dominating function. A perfect edge Roman dominating function (PERDF) of a graph
G = (V,E) is a function f:E(G) — {0,1,2} which satisfies the rule that every edge e with

f(e) = 0 is adjacent to exactly one edge e’ with f(e') = 2 so that X,y f(x) =2. The
minimum weight of a PERDF is the perfect edge roman domination number (PERDN)

e (G).

Let E, E, E, be the partitions of the edge set E, such that E; = {x € E: f(x) =i } for
i =0,1,2. Then,

e none of the edges of E, is adjacent to an edge of E;
e every edge of E, is adjacent to exactly one edge of E,

Proposition 2.1: For every graph G, ¥, (G) < yzF(G).
Proof: It is immediate from the definition that every perfect edge Roman dominating
function is a perfect edge Italian dominating function. Hence, y;*(G) < yiF(G).

Proposition 2.2: For any graph G, y'(G) < ¥/ (G) < yi(G) < viF(G).

Proof: Every perfect edge Roman dominating function is an edge Roman dominating
function and hence y;(G) < yiF(G). Also, by Theorem 1.4, y'(G) < y/(G) < ¥4 (G).
Thus, we get ¥'(G) < ¥/ (G) <y2(G) < yiF(G).

Proposition 2.3: For a connected graph G on n vertices, 1 < yf(G) < n{" 2

Proof. If G has only 1 edge, in any PERDF on G this edge gets the weight 1 So, ¥ (G) = 1.

A connected graph G on n vertices can have at most ——— edges In a PERDF on G each

edge can get the weight 1. In that case yz7(G) < "{n 1]

Theorem 2.4: For a graph G on n vertices withn = 3, ¥ (G) = 2 if and only if y'(G) = 1.
Proof: Suppose y;F(G) = 2. Then three cases arise.

Case 1: If G has exactly two edges, then G is isomorphicto P; and soy'(G) = 1.

Case 2: If G has exactly three edges, then G is isomorphic to P, , K; 3 or C5. In all cases,
Y'(@) =1

Case 3: If G has more than three edges, since yz7(G) = 2 there exists an edge e = uv with
f(e) = 2. Then all other edges are incident at 1 or v and hence get the weight 0. So e is the
only edge in the minimum dominating set. Hence, y'(G) =
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Conversely let us assume that '(G) = 1. So, the minimum edge dominating set of G
has exactly one edge say e = ur and all other edges are incident at u or v. If G has only 2
edges e and e; then we can get a y5°-function either by assigning the weight 1 to both the
edges or by assigning the weights 2 and 0 to the edges e and e, respectively. In any case
yaE (G) = 2. If G has more than 2 edges we can get a y;F-function by assigning the weight 2
to e and the weight 0 to all other edges incident at u or v. Therefore, y27(G) = 2.

The following results are immediate from Theorem 2.4

Proposition 2.5: For n = 2, y7(Ky,) = 2.
Proposition 2.6: For the bistar B,, ,, we have y4" (Bnn,) = 2.
z?n. if n =0(mod3)

Theorem 2.7: For a path graph, B,,n = 3, yiF(B,) = 2n1) Jif n=1(mod3)
2[n3+1}' if n = 2(mod3)
Proof: Let B, = (vy,e4,V2,€5, .., Vp_q1,€n0—1,Vy); € = {v;,v;2,} be a path on n

vertices.
Case (i): If n = 0(mod3)

Define f: E (G) — {0,1,2} such that
. . n
f@):{szL:%—LjZIL&ME

, otherwise
Hence, . f(e) = 2?”

To obtain the lower bound, consider an edge e € E(P,). Then e has at most two
neighbours. Let f be a y;F-function on B, and let f(e) = 0. Then e must be adjacent to
exactly one edge of weight 2. Also, the other edge adjacent to e (if it exists) must be given
the weight 0 otherwise it contradicts the definition of PERDF. Thus, every three consecutive
edges of the path contribute weight 2 to }; f(e). Since B, has n — 1 edges and n = 0(mod3)

, %3 edges can get the weight 2 and the remaining two edges together contribute at least 2 to

2 fle).
So, ¥ f(e) = (%)2 +2= 2?" . Therefore, y47(B,) =2

mn
S
Case (ii): If n = 1(mod3)
Define f: E (G) — {0,1,2} such that f(e;) = {2- fori=3;-1, j=123..,—
0 otherwise
2(n-1)
3

Then, ), f(e) <
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Now consider a y4°-function £ on B,. Then an edge with weight 2 can have at most

two adjacent edges with weight 0. Since, n = 1(mod3) and B, has (n — 1) edges, at least

{ edges must have weight 2. So, X, f(e) = (_)2 Hence, we get .7 (B,) = 2(" 2

Case (jii): If n = 2(mod3)

2,fori=3-1j=123.,22

Define f:E (G) — {0,1,2}suchthat f(e) =11, fori=n—1landn _23

0, otherwise

2'[11 2) 12— 2{n::-1].

So, X fle) =

Let f be a yzF-function on B,. Then an edge with weight 2 can be adjacent to at most
two edges with weight 0. Since B, has (n — 1) edges and n = 2(mod3), @ edges must

have weight 2 and they contribute (”T_Z)z to ). f(e) and the remaining one edge can

n-2 2(n+1)

contribute a maximum weight of 2. So, Zf(e)z(

VP (B) = 2{n+ 1]

)2 +2= Thus,

The next result follows directly from Theorem 1.1 and Theorem 2.7.

Corollary 2.8: If n = 0 (mod3) and n = 1 (mod3), then 37 (B,) =y’ ,(B).

Corollary 2.9: For n = 4, the y;F-function of the path B, has E; = 0.

Proof: In a path an edge has at most two neighbours. Consider a y4”-function f on B,. It
follows from the definition of PERDF that an edge having the weight 0 must be adjacent to
exactly one edge of weight 2 and no edge of weight 1. We claim that the y;P-function of the
path B, has E; = .

If possible, assume that there exist an edge e in B, having weight 1.

Case(i) f(e) = 1 and e has two neighbours e, and e,.

Then f(ey) = 0 and f(e,) # 0. Since f is minimum, both e, and e, must get the minimum
positive weight 1. That is f(e;) =1 and f(e,) = 1. Again, using similar arguments edges
adjacent to e; and e; must be given the minimum positive weight 1 and so on.

Hence in a yz7-function on B, if an edge is given the weight 1 then all the edges of the path
gets the weight 1. Therefore y;7(B,) = n — 1, which contradicts Theorem 2.7.

Case (ii) f(e) = 1 and e is a pendant edge.

In this case e has only one neighbour say e, and f(e,) = 0. Since f is minimum, e, must get
the minimum positive weight 1. Now the edge adjacent to e; must also get the minimum
positive weight 1 and so on. In this case also a yz°-function on B, in which an edge is given
the weight 1, will have all its edges with weight 1 and hence y;(B,) = n — 1, which is again
a contradiction to Theorem 2.7. Therefore, a y4°-function on B, has E; = 0.
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%n, if n =0(mod3)
2n+4

Theorem 2.10: For a cycle, C,,, on n vertices, y57(C,,) = . ,if n = 1(mod3)
2n3+5, if n =2(mod3)
Proof: Let C,, = (v, €1,V3, €5, cev ceee o, Vp—1, En—1, U €n, V1); €; = {v;, 521} DE @ CycCle On n

vertices.

Case (i): If n =0(mod3)
Define f: E (G) — {0,1,2} such that,
o) = {2, fori=3—2,j=123 g
0,
Hence ) f(e) = 2?" .

In C, an edge has exactly two neighbours. So, in a yz°-function fon C, an edge
having the weight 0 must be adjacent to one edge with weight 2 and another with weight 0.
So, every three consecutive edges contribute 210} f(e). Now since n = 0(mod3) and C,,

has n edges we get }; f(e) }( )2 = 2% Thus, y.P(C,) =

otherwise

Case (ii): If n = 1(mod3)
Define f: E (G) — {0,1,2} such that
Fle) = {2 fori=3,-2,j=123,.
0,
2{n+2] Zn+4

So, X f(e) = .
Let f be a yaE-function on C,,. Here, €, has n edges and n = 1(mod3). Applying a

similar argument as in the second part of case(i) ("T_l) edges contribute Z(HT_l) to Y. f(e). The
maximum weight that can be given to the remaining one edge is 2.
So, ). fle) = 2( ) 42 =22 . Therefore, ¥ (C,,) = antd

n+2
3
otherwise

Case (iii): If n = 2(mod3)
Define f: E (G) — {0,1,2} such that

n+1
2,fori=3;-2,j=123,..,
fle)= ;
. 1, fori=n
0, otherwise
Then Lf(e) = X2+ 1=222

Consider a y P-function f on C,. Since n = 2(med3), applying a similar argument
as in the second part of the above two cases (T) edges contribute Z(T) to ) f(e). Since f
is minimum, the remaining two edges can get at most the weights 2 and 1.
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S0,Xf(e) z2("7)+2+1="2

From Theorems 2.7 and 1.1, the next result follows.

Zn+s

Hence, y47 (C,) = .

Corollary 2.11: y7(C,) = y'(C,) when n = 0(mod3).
Proposition 2.12: For a complete bipartite graph K,,, ,, withm,n = 2,

Vel (Kmn) =2m,if m<n .
Proof: Let V(K,,,) be partitioned into two sets X and Y with |X| = m and |Y| = n. Then,
each edge of K, , has its one end in X and other end in Y. There are n edges incident at each
vertex of X and m edges incident at each vertex of Y. A minimum PERDF on K, ,, can be
obtained by assigning the weight 2 to all the m edges incident at one vertex v of ¥ and the
weight 0 to all the remaining edges of K,,, ,,. Then exactly one edge of weight 2 is adjacent to
each edge of weight 0. Hence y;7(K;,,) = 2m.
Theorem 2.13: For a complete graph K,, with n = 4, y37(K,,) = n{nz_l].
Proof: Let f be a minimum PERDF on K,,.

Claim: No edge of K,, can get the weight 0.

If possible, let e = v, v; be an edge with f(e) = 0. Then e must be adjacent to an
edge say e; = v, v, with f(e;) = 2. Then no other edge incident at v can get a positive
weight as in that case 2. f(e) will be greater than 2, which contradicts the definition of
PERDF. So, all the remaining n — 3 edges {v, v;,i = 3 to n} incident at v must be given the
weight 0. Next consider the edges F = E(G) — {v,v;},i =2 ton. Then each x € F is
adjacent to at least one edge of {v, v;,i = 2 to n}. Thus each x € F is adjacent to at least one
edge having weight 0. So, these x edges cannot get a positive weight as it again contradicts
the definition of PERDF. Thus, no edge of K,, can get the weight 0.

Hence the minimum positive weight 1 should be given to each edge of K,, to get a

minimum PERDF. Therefore, v (K,) = @

Remark 2.14: The bound obtained in Proposition 2.3 is sharp as yx (K>) = 1 and

YeK) =" n =4

111.CONCLUSION

In this paper we initiate a study on PERDF and obtain PERDN of some simple Fuzzy
graphs. We create an inequality chain involving PERDN and other edge domination
parameters like EDN, EIDN and ERDN. We also establish sharp bounds for this parameter.
Study of this parameter can be extended to other classes of fuzzy graphs.
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