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Hk CORDIAL LABELING OF PATH, STAR AND CYCLE GRAPHS
I. INTRODUCTION

In the present work we contemplate a finite graph which is connected and undirected.
We refer to a dynamic survey of graph labeling by Gallian (2020) for detailed survey on
graph labeling. For all other standard terminology and notations we refer to Gross and Yellen
[4]. A labeling of a graph G = (V,E) is a mapping that carries vertices, edges or both to the
set of labels (usually to the positive or non-negative integers).

A graph G = (V,E) is said to beHcordial graph if there exists a mappingf from edge
set to {—1, 1}such that induced mappingf*from vertex set to {—k, k}defined by f*(v) =
Yeeiv) f(e) , where I(v) is the set of all edges incident to vertex v,satisfies the cordiality
conditions |ef(1) —ef(—1)| <1 and |v¢(K) — v+ (—Kk)| < 1. Mapf is called Hcordial
labeling of G. By extending the concept a graphis Hycordial graph if there exists a
mappingf from edge set to{+1, +2, ..., £k}such that the induced mapping f* from vertex set
to{£1, £2,..., £k} defined by f*(v) = Xcei)f(e) , where I(v) is the set of all edges
incident to vertex v,satisfies the cordiality conditions|e;(i) — ef(—i)| < 1 and|v¢ (i) —
vix(—i)<1 for 1<i<k . Map f is calledHkcordial labeling of G and graph G is called
Hy.cordial graph[5].

Barycentric subdivision of graph G is denoted asS(G), obtained by subdividing every
edge of graph G. [10]. The super subdivision of any graph G denoted by SS(G) is obtained
fromgraph by replacing every edge of graph by complete bipartite graph K, ,, (where m is
positive integer)[8].

Il. MAINRESULT

Theorem 2.1 The star graph K; ,(n > 2 )is H,cordial if n is even.

Proof: Let V(Ky,) = {up,u; : 1 <i<n}and E(Ky,) = {upu;: 1 <i<n}, where ugis
apex vertex.
Consider a function f: E( K, ,) = {—2, —1,1,2} defined as

f(uoul) = -2
flupu) = (-1D'; 2<i<n.
Table 1
n=?2 Edge Conditions Vertex Conditions
. — o
RISEVEN  e(1) =2, er(—1) == v (1) =5 = vp(-1)
2 2 2
er(2) = 0,e(=2) =1 vpe(2) = 0,ve(—=2) =1

Fori = 1,2.The K; ,, satisfies the condition |e¢(i) — e;(—1)| < 1 and|v¢(i) — v¢(—=i)| < 1.
Hence, K, ,is H,cordial.

Copyright © 2024 Authors Page | 31



Trends in Contemporary Mathematics

e-ISBN: 978-93-6252-646-5

1P Series, Volume 3, Book 3, Part 2, Chapter 2

H CORDIAL LABELING OF PATH, STAR AND CYCLE GRAPHS

Illustration 2.2 Figure shows that K, ¢is H,cordial graph.

Theorem 2.3 Star graph K; ,(n = 2 )is Hscordial.

Proof: Let V(Ky,) = {up,u; : 1 <i<n}and E(Ky,) = {upu;: 1 < i< n}, where uyis
apex vertex.

Typel:nis even,K, , is H,cordial from Theorem 2.1. Hence it is also admits Hzcordial
labeling.

Type2:n is odd.

Consider a function f: E(K; ,) = {—3,—-2,—-1, 1, 2, 3} defined as

fluguy) = —2
fuouy) = -2
f(uouz) =3
fluow) = (=D 3<i<n
Table 2
n=2 Edge Conditions Vertex Conditions
n is odd e/ (1) = n;l’ef(_l) _ n;B vy(D) = n;l,vf*(_l) _ n;3
er(2) =0,er(—2) =1 v (2) = 1= v+ (=2)
er(3) =1,e/(=3)=0 vp+(3) = Lve(=3) =0

For i = 1,2,3, the graph satisfies the condition |e; (i) — e;(—i)| < 1 and|vy (i) — vp(—i)| <
1.
Hence, K, ,is H;- cordial.
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Illustration 2.4K; sis Hscordialas shown in Figure.

Theorem 2.5 The barycentric subdivision graph of a star (S(K;,,) (n = 2)) is H,cordial if n
is odd.

Proof: Let V(S(K1,)) = {u, u ;,up; 1 < i < njandE(S(Ky,)) = {uou'p,wu'; ;1 <i <
72.

Consider a function f: E( S(Ky,)) — {—2,—1,1,2} defined as
fupu'y) = =2

fluw') = (- 2<i<n

fu)= (D" 1<i<n

Table 3
n=?2 Edge Conditions Vertex Conditions
n is odd er(1)=ne(-1)=n+1 n+1
f » Cf (1) = = ve(—1
er(2) = 0,(-2) = 1 )= =ty
n—1 n+1
Hence, S(K1,) is H,cordial.
Illustration 2.6S(K; 5) is Hcordialas shown in Figure.
° 1
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Theorem 2.7The barycentric subdivision graph of a star S(K; ,) (n = 2) is Hzcordial.
Proof: LetV (S(K1,)) = {u, u' ,up; 1 < i < n}and E(S(K1,)) = {uou';, wiu'; ;1 < i < nl.

Type 1:n is odd.
S(Ky,) isHycordial from Theorem 2.5, it is also admitsHzcordial.

Type 2:n is even.

Consider a function f:E(S(Ky,)) — {—2,—1,1,2} defined as
fuou'y) =2

flupu') = (=15 2<i<n

fwu')= (-1D";1<i<n

Table 4
n=?2 Edge Conditions Vertex Conditions
n is even er(1) =mn,e(—1) =n—1 vf*(1)=n-2|-2’vf*(_1)=g
er(2) =1,e(-2)=0 I

n
vp(2) = E:vf*(_z) =

Uf*(3) =1, Uf*(—3) =0

Hence, S(K7,) is Hzcordial.

Illustration2.8H;cordial labeling of S(K;¢) is demonstrated in Figure.

Theorem 2.9Super subdivision of star graph SS(K; ,)(n = 2) is Hycordial.

Proof: Let V(SS(Ky,)) = {uuj,up; 1 <i<n,1<j<mlandE(SS(Ky,)) =
{uouij,ui]- up1<is<n1<j< m}, where wuis apex vertex.

Consider a function f: E( SS(K1,)) — {—2,—1,1,2} defined as
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Type 1: mis evenand n is odd

f(uouqy) = =2
f(uouyp) =1
flupuy) =-1
f(upuy) =2

fluouy) = fuyu) = (D' ;2<i<nj=12

f(uOul'j) :f(ul'jul') = (—1)‘] ; 3 S] < m,]. <i<n.

Table 5
n=2 Edge Conditions Vertex Conditions

m even er(1) =mn—1 vp(1) =1 =vp(—1)
n odd =er(—1)

@) = (m+1)n-3

er(2) =1 =e(—2) v (@) = 2
= 'Uf* (—2)
Uf*(3) =1= 'Uf*(—3)

Type 2: m and n both are even

f(uouyy) = -2

fuousz) = f(up1wy) = f(uuy) = -1

fluowj) = flujw) = (-1 2<i<n, j=1.2

f(uoul-j) =f(ul-jul-) =(-1Y;3<j<m, 1<i<n

Table 6
n=2 Edge Conditions Vertex Conditions
m even ef(1) =mn, es(—1) =mn—1 V(1) = Lve(-1) =0
n even
er(2) =1,e,(-2)=0 n(m+ 1)
! ! vp(2) = ———
nm+1)—2
vf*(_Z) -
Uf*(3) = 1,’[7f*(—3) =0

Type 3: m and n both are odd
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fluouiy) = flupw) = (=D 2<i<n

fluowy) = fluyw) =(-1Y ;2<j<m1<i<n

Table 7
n=2 Edge Conditions Vertex Conditions
rrrllggg er(1) = mn, ef:(—rir)l » vpe(1) = n —2|— 1 —v(—1)
er(2) =0,e,(—-2) =1 vp(2) = mnz— Jvpe(=2) = mnz— 1
Type 4: m is odd and n is even
f(uourq) = 2
fluu) = -1
fluuy) = fluqu) =(-1)";2<i<n
fluowy) = flujw) =(-1Y ;2<j<ml1<i<n
Table 8
n=2 Edge Conditions Vertex Conditions
:zrle(\)/(:(rjw () =mm e (=1) = mn =1 vr-(1) :nzi'”f*(—l) :g
er(2) =1,e(-2) =0 - N
vp(2) = T,Uf*(—Z) =—

Uf*(3) =1, Uf*(—3) =0

Hence, SS(K; ) is Hycordial.

Illustration 2.10 SS(K; 4) withm = 3 is Hzcordial shown in Figure.
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Theorem 2.11 The H -super subdivision of path HSS(K; ,,)(n = 2)Hscordial.

Proof: Let V (HSS(Ki,)) = {usuy,ug; 1 < i <n,1 < j < 4)and E (HSS(Ky,)) =
{uou;q, wiuz, Ui s, Uip Ui, Wistig; 1 < 0 < n}, where uis apex vertex.

Type 1:nis odd, consider a function f: E (HSS(KM)) — {—1,1} defined as
fuougr) = fugiugp) =1

fuugs) = fuzugy) = —1

flujuz) = (—1D51<i<n

fuouin) = flunup) = fuus) = fluzun) = (-1)Fh2<i<n.

Table 9
n>2 Edge Conditions Vertex Conditions
nis odd 5n—-1 5n+1 Sn+1
er(1) = T;ef(_l) = vp-(1) = > ,vp(=1)
_ Sn—1
2

Uf*(3) =0, Uf*(—3) =1

Hence f satisfies the conditions of H; cordial labeling in this Type and hence the graph
under consideration is Hscordial graph, when n is odd.

Type 2: n is even, consider a function f: E — {—2,—1,1,2} defined as
f(uourq) = 2

fuouz) = -1
fluuz) = (1) i=12
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fuinun) = flusuy) = (150 =1,2
fluqus) = (-DFh1<i<n

fluouin) = fupugz) = fwus) = flugug) = (D53 <i <n.

Table 10
n=2 Edge Conditions Vertex Conditions
niseven er(1) = 5n2— Z,ef(—l) _ 52_n vp(1) = 57n I
er(2) =1,e(-2)=0 vp(2) = 1L ve(=2) =0

In this Typef satisfies the conditions of H,cordiallabeling and hence the graph under
consideration is H,cordial graph, when n is even.

Hence, HSS(K;,) is Hzcordial as per above Types.

Illustration2.12 HSS (K, 4) is H,cordial shown in Figure.

Theorem 2.13Path P, (n = 3) is Hscordial.
Proof: Let P, be the path uq, uy, ..., u,.
Consider a function f: E(B,) = {—2,—1,1,2} defined as
. n
1 ;1<i< [El ~1
fuuigy) = PR L
S R

—1 ;Otherwise
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Table 11
n=>3 Edge Conditions Vertex Conditions
i n—2 * = «(— =
n is even er(1) = _ = (- 1) ve(1) =2, v+ (-1 =11
n—4
er(2) =1,e(~2) = 0 vpe(2) = ——=vp(=2)
_ . vp«(3) = 1L, vp+(=3) =0
n— * = «(— =
n is odd er(1) = _ e (~1) v (1) =2,vp(-1) =1
~n—3 n—4 n—=~6
=— v (2) = > vp(—2) = >
er(2) =1,e(=2) =0 vp+(3) = 1, vp:(=3) = 0

Hence, PB,is Hzcordial.

Illustration2.14Hscordial labeling of P is as shown in below Figure.

-
¥
N

Remarks 2.15

Consider path B,. As per barycentric subdivision of B,(n > 2) is again a path P,,,_; which
is also is Hzcordial as per Theorem 2.13. Hence we have the following.

Theorem 2.16Thebarycentricsubdivision of path S(B,)(n = 2) is Hscordial.

Theorem 2.17The super subdivision of path SS(P,)(n = 3) is Hscordial.

Proof: Let V(SS(B,)) = {w, wy,up; 1 <i<n—1,1<j<mlandE(SS(R)) =
{uiuij'uijui+1; 1<i<n-1,1<j<m}

Consider a function f: E - {—2,—1,1,2} defined as

Type 1: misevenand n is odd.

f(uiui1)=! . n—1

2 =
A
—1 ;Otherwise
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n —
1 1< < —
fuiuigq) = ' 2
—1 ;Otherwise

fuup) = flupu) = (CDF1<i<n-1

f(uiuij) = f(uijui+1) =(-1Y;3<j<m

Table 12
n=>3 Edge Conditions Vertex Conditions
m is even er(1) =m(mn—1), v (1) = Ly (-1) =0
nis odd
ee(—D)=mn-1)—1 m+1(n-1)

ef(Z) = 1, ef(—2) =0 ( N 1)( 1) )
m n-— -

Uf*(S) = 1,17f*(—3) =0

Type 2: m and n bothareeven

n
1 ;1 2<i<—
fQuui) = f(uui4q) ={ 2
—1 ;Otherwise
1 ;j=12;i=1
f(uiuij) :f(uijui+1) :{_1 j=12:i=n—-1
n
-2 :2<i<-—
eSS )

fuup) = {

2 ;Otherwise
n

-1 ;2<i<—=
b=3

fupuipq) = {
1 ;Otherwise
fluug) = flujuy) = (1Y ;3<j<m.

Table 13
nz=3 Edge Conditions Vertex Conditions
2m-1)n-1)+3 n—2 n—4
m is even er(1) = > vp(1) = T;Uf*(_l) =—
n is even
Cm-1Dn-1+1 _(m-1DMn-1)+5
ef(_l) = 2 Uf*(Z) = >
n—4 n—2
ef(Z): 2 ,ef(_z): 2 n—4 n-—
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Type 3:misoddandn > 3

1 ;151‘3[;]—1

fuup) = 2

-1

1

fupuip) =
-1

ify

; Otherwise

;131'3[%]—1

; Otherwise

f(ul-ul-j) = f(uijui+1) =(-1)/;2<j<m.

Table 14

Vertex Conditions

n=3m
odd

Edge Conditions

n is even

er(H=mmn-1)—1,
er(—1) =mmn—-1)

ef(Z) =1, ef(—Z) =0

v(D) = 2, v+ (1) = 1

vy-(2) = (m+ 1)(721 -1)—-4

vy(~2) = (m+ 1)(721 -1)-2

Uf*(3) =1, Uf*(—3) =0

v (1) = 2,0 (-1) = 1

n is odd

er(1) =m(mn—1),
er(—1D)=mn-1)—-1

ef(Z) =1, ef(—Z) =0

m+1)(n—-1) -2

vp(2) = >

m+1)(n-1)—-4

vpe(—2) = >

‘Uf*(g) =1, Uf*(—3) =0

Hence, SS(B,) is Hzcordial.
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Ilustration 2.18 SS(P,) withm = 5 is Hzcordial shown in Figure.

Theorem 2.19 The H -super subdivision of path HSS(B,)(n = 2) is Hycordial.

Proof: LetV (HSS(B,)) = {uj u;;1 <i<n,1<j <4}
andE (HSS(B,)) = (w1, Wilypr, Uiy Usz, Upy Uy, Usstha; 1 S T S — 13,
Consider a function f: E(HSS(P,)) — {—2,—1,1,2} defined as

Type 1: n is odd.

f ) = fuius) ={ b osl=is= 2

—1 ;Otherwise

1 1<i< n—3
=1 )
fuipuz) = 5 . n—1
L= >
k—l ; Otherwise
1 ;1<i< n—1
fuinw) = f(upu,) = { )
1 ;Otherwise
Table 15
Edge Conditions Vertex Conditions
is odd 5n—7 (D =2n—1=ve(—-1
niso /(1) = e (=1) vp+(1) = 2n vp+(—1)
5n—5 n—1
_n-— 3

Hence f satisfies the conditions H,cordiallabeling in this Type.
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Type 2: niseven.

fluwn) = fupus) = (-1)52<i<n-1
fuug) =1

f(untigu-ns) = —1

fuinwiz) = fuzwy) = (-1)51<i<n-1

flupup) = (Dh1<i<n-1.

Table 16
Edge Conditions Vertex Conditions
nis even Sn—=6 ve«(1) = 2n — 1, vp(—1)
— _ f »Vf
(1) = ——, e (-1) A
_Sn—4
=— e
ve-(2) = ——= v (—2)

Uf*(3) =0, Uf*(—3) =1

Hencef satisfies the conditions H;cordiallabeling in this Type.

Hence, HSS(P,) is Hj cordialgraph.

Ilustration 2.20H;cordial labeling of HSS(Ps) as shown in below Figure.

Theorem 2.21Cycle C,,(n = 4) is Hzcordial.

Proof: LetV(C,) ={u;1 <i<n}and E(C,) = {u;uj41, uqu,; 1 <i <n-—1}

Consider a function f: E(C,) = {—2,—1,1,2} defined as

Copyright © 2024 Authors
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1 s1<is<[o]-1
2

flu) =4 2 =0
[ ) 2
~1 '[E]+1<i<n—1
) 2 —_— -—
f(unul) = —2.
Table 17
n=>4 Edge Conditions Vertex Conditions
n is even n—2 ve«(1) =1 = ve(—1
n—4
er(2) =1=¢e(-2) v (2) = ——=v(=2)

U~ (3) =1= U~ (—3)

i -1 « =1=1p~(—
n is odd ef(1)=n2 e (=1) v (1) = 1 = vy (—1)
n—3 n—3
= vp(2) = > , Ve (—2)
n—>5

Hence, C,is Hscordial.

Illustration 2.22H;—cordial labeling of cycle Cg is shown in below Figure.

Remarks 2.23 Consider cycle C, . As per barycentric subdivision of C,,(n = 3) is again a
path C,, which is also is Hzcordial as per Theorem 2.19. Hence we have the following.

Theorem 2.24Thebarycentricsubdivision of cycle S(C,)(n = 2) is Hzcordial.

Theorem 2.25Thesuper subdivision of cycle SS(C,,)(n = 4) is Hzcordial.
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Proof: Let V(SS(C,)) = {u;, w31 <i<n,1<j<mjand
E(SS(Cn)) = {ul’ul’j,ui]‘ui+1,,ulunj; 1<i< n, 1 S] < m}

Consider a function f: E(SS(C,)) — {—2,—1,1,2} defined as

Type 1: m is evenand n is odd.

1 _1<_<n—1
I B
fuiugy) = . n+1
|2 , L= >

k—l ; Otherwise

n—1
1 ;1<i < >
fuiguipq) = n+1
-1 ; > <igsn-1
fuguy,) = =2
fuu,,) =2
f(ununZ)zl

fuun) = flupuiy) = (D" 1<i<n—-1

f(uiuij) = f(uijui+1) =(-1Y;3<j<m.

Table 18
Edge Conditions Vertex Conditions
m is even and er(1) =mn—1,e(—1) vp«(1) = Ly (-1) =0
n is odd =mn—2

_ nm+1)—3

er(2) =2,e(-2) =1 vpR)=———F——
nim+1)-—5

‘Uf*(—Z) = f

‘Uf*(3) =2, Uf*(—3) =1

Type 22m and n both are even.
fuiu,q) = =2

n
1 1<i<—=
fuug) = 2
—1 ;Otherwise
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-2
(1 ;1<i<™
I 2
n
f(uilui+1):{ 2 =3
| n+2
k—l i <is<n-1

fuup) = flupuip) = (D 1<i<n

f(uiuij) = f(uijui+1) = (—1)] 0 3 S] <ml<i<n
Table 19

Vertex Conditions
Vf*(l) =1= Uf*(—l)

Edge Conditions
er(1) =nm—1=e(-1)

m and n both are

even
nim+1)—4

= Vg (—2)

Uf*(3) =1= 'Uf*(—3)

Type 3: m and n both are odd.

fugy,) = —2
( n-1
1 ;1<i<
L
fuiugy) = o n+1
2 sl=
L 2
—1 ;Otherwise
n—1
1 ;1<i < >
fupuip) = n+1
; <i<n-1

f(ul-ui]-) =f(ui]-ui+1) = (—1)] ,2 S] < m,l <i<n.

Type 4: m is odd andn is even.
1<i< n
; _1_2

1
fuu) =
—1 ;Otherwise
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1 =<2
2
fupuip) =4 2 i =g
n+?2
— - <i<n-1

fuu,) = =2

f(ul-ul-]-) =f(ul-]-ui+1) = (—1)} ;2 S] <ml<i<n

Table 20
n=4 Edge Conditions Vertex Conditions
m is odd er(1) =nm—1 v (1) =1 =vp-(—1)
oty (m+ 1)
nm+1)—4
g =1=¢(-2) |VH=""75 =2
U~ (3) =1= U~ (—3)

Hence, SS(C,) is Hcordial

Ilustration 2.26 SS(Cs) withm = 3 is Hycordial shown in Figure.

Theorem 2.27The H-super

Proof: Let V(HSS(C,)) =

subdivision of cycle HSS(C,)(n = 3) is H,cordial.

{ui,ui]-;l <i< n,l S] < 4‘}and

E(HSS(Cr)) = {wywin, Uiz, Uit Uz, Ui Ui, UizUia, U Up3; 1 S TS — 1}

Consider a function f: E(HSS(C,)) — {—1,1} definedas
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Type 1: nis odd.

n+1
fuuy) = {

1 ;1<i<

—1 ;Otherwise

n—1

fuisiws) = fuuz) = { 1 31=si=

—1 ;Otherwise

f(ulunS) =1

o o n+1
-1 ;1<i<

fupug) =

1 ;Otherwise

1 -1<'<n
LSl s >

fuzus) =
1 ;Otherwise
Table 21
Edge Conditions Vertex Conditions
o) =""" -1 | W pe(=1)
5Sn—-1 n+1
=7 v+ (2) = > Vi (—2)
_n— 1
)
Type 2: nis even.
n
1 ;1<i<s=
f(ujuip) = fluiuiz) = f(uipuz) = { 2
—1 ;Otherwise
flujuyz) =1
1 :1<i< n
f(ujpuiz) = f(uizuiy) = { 2
1 ; Otherwise
Table 22
Edge Conditions Vertex Conditions
n is even 5n ve(1) = 2n = vp(—1
er(1) = - = er(—1) r(L) n 1)
ve(2) = 5= vg(—2)

Hence, HSS(C,) is H,cordial.
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Illustration 2.28 H,cordial labeling of HSS(C5) asshown in Figure.

1. CONCLUSION

Path, star and cycle graph are basic graphs which we have proved to be H, —cordial graphs.
We have derived the results on these graphs by considering operations such as barycentric
subdividion, super subdivision and H- super subdivision.
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