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|. INTRODUCTION

The domination problem was studied from 1950s odwaRichard Karp proved the
set cover problem to be NP-complete which had icagibns for the dominating set problem.
Dunbar et al. introduced signed domination num2¢fd],[4],[5]. The concept of product
signed domination was introduced in [11].Hereaftex,denote the weight of a grapghwith
respect to the functiofi asw,(G).Definitions of fan graph, wheel graph and helm grape
from [1]. Seoud and Youssef defined flower graphlh In this paper, we find product
signed domination number for fan graph, wheel gréehnm graph and flower graph.

II. MAINRESULTS

1. Theorem
n—8

TianZ(m0d6)andn>8

n—6
. — if n=3(mod 6)and n > 8
Forn = 3, Vsign(Fl'n_l) - ni4 f ( )

Tifn54(mod6)andn>8

n otherwise
Proof:
Let F; ,,—, be a fan graph on vertices.

LetV = {vy, vy, ..., Vp_q, v} @ndE = {vpvp 1|1 <b<n—-2}U{vy,|1<b<n-1}
Casel:f(v) =1

Subcase 1.1:

If f(v,) = —1,to getf[v,] =1, setf(v,) = —1

Again to getf[v,]as 1, setf(v3) =1

Proceeding like this, we definfe V(F, ,_,) - {—1,+1} as

1ifb = 0(mod 3)

Fori1<b<n f(v,) = { —1 otherwise

This f may be a product signed dominating function. i§,ithe weight will be negative since
Ne[—1] > N[1].[1]]

Subcase 1.2

If f(v,) = 1, to getf[v,] =1, setf(v,) = 1. Again to getf|v,]as 1, setf(v3) =
1
Proceeding like this, we haydv,) = f(vg) = -+ = f(v,_1) = 1

In this case the weight ig the total number of vertices,
Case2:f(v) = -1

For2 < b <n— 2, itis observed that
If f(v,) = —1 then2 cases arise
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(i) if f(vp-1) = -1, thenf(vp,,) = -1
(i) if f(vp-1) =1, thenf(vyyy) =1
And if f(v,) = 1 then2 cases arise

(i) if f(vp-1) = -1, thenf(vp,,) =1
(i) if f(vp-1) =1, thenf(vpy,) = —1

Subcase 2.1:
If f(v) = 1,togetf[v,] =1, setf(vy) = —1
Again to getf[v,]as 1, setf(v3;) =1
Again to getf[vs]as 1, setf(v,) =1
Proceeding like this, we definfe V(Fy ,—,) - {—1,+1} as

_(—1ifb =2(mod3)

Fori<b=n f(v) = { 1 otherwise
Subcase 2.2

Iff(v,) = —1, to getfv,] =1, setf(v,) = 1
Again to getf[v,]as 1, setf(v3) =1
Again to getf[vs]as 1, setf(v,) = —1
Again to getf[v,]as 1, setf(vg) = 1
Proceeding like this, we definfe V(Fy ,—,) - {—1,+1} as

—1ifb = 1(mod 3)
Forl<b < -
orl<b<nf(vy) { 1 otherwise
Whenn =3
By subcase 1.2ws(F,,_1) =n=3.By subcase 2.1ws(F,1)=-1, a negative
integer.By subcase 2.2(F; ,_;) = —1, a negative integer.Thereforg; . (F; ;) = 3.

Whenn = 4
By subcase 1.2w;(F,, ;) =n = 4. By subcase 2.1w;(F,, ;) =0. By subcase 2.2,
flvs] = =1 # 1. Thereforey;,, (Fi3) = 4.

Whenn =75
By subcase 1.2w;(F;,_1) =n=75. By subcase 2.1f[v,] = —1 # 1. By subcase 2.2,
flvl = =1 # 1. Thereforey;;;,,(Fi4) = 5.

Whenn =6
By subcase 1.2y;(F;,-1) =n = 6. By subcases 2.1 and 2v] = —1 # 1. Therefore,

V;ign(Fl,S) = 6.

Whenn =7
By subcase 1.2w(Fin_,) =n =7. By subcase 2.1f[v] = —1# 1. By subcase 2.2,
flv] = flvel = =1 # 1. Thereforey;;,(Fi6) = 7.

Whenn =8

By subcase 1.2y¢(F,,—,) = n = 8. By subcase 2.1f[v] = f[v,] = —1 # 1. By subcase
2.2,ws(Fin-1) = 0. Thereforey;;,,(Fy;) = 8.
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Consider n > 8

For n = 0(mod6)
By subcase 1.2ws(F,,_;) =n. By subcases 2.1 and 2.2[v] = —1 # 1. Therefore,

V;ign(Fl,n—l) =n.

For n = 1(mod6)
By subcase 1.2y;(F,,_;) = n. By subcase 2.1f[v] = —1 # 1. By subcase 2.2([v] =
flvn_1] = =1 # 1. Thereforey;; ;n(Fin-1) = n.

For n = 2(mod6)
By subcase 1.2y;(F, ,_;) = n. By subcase 2.¥[v] = f[v,_

1] = —1+# 1. By subcase 2.2,
-8 . ] ‘s 8
Wy (Fin-1) = =~ Thereforeyy;gn(Fin_1) = min {n, "T} =z
For n = 3(mod6)
By subcase 1.2ws(F,,_1) =n. By subcase 2.1w;(F;,_4) =”T‘6_ By subcase 2.2,
—6 * , -6 n—6 -6
Wy (Fin-1) = =~ Thereforey;;g,(Fin-1) = min {n”T”T} ==

For n = 4(mod6)
n

By subcase 1.2w(F,,-,) =n. By subcase 2.1w;(F;,_1) =22 By subcase 2.2,

3
* . —4 —4
flvn_1] = =1 # 1.Thereforey;;, (Fin—1) = min {n nT} _n

=5
For n = 5(mod 6)

By subcase 1.2w(F;,-,) =n. By subcase 2.1f[v,_,] =—1=% 1. By subcase 2.2,
flv] = =1 # 1. Thereforey;j, (Fin-1) = 1.

Also from the above discussion, it is clear that,sbbcase 2.1f is not a product
signed dominating function when= 0,1,2,5(mod 6) and by subcase 2.2,is not a product
signed dominating function when= 0,1,4,5(mod 6)

{HT_S if n=2(mod 6) andn > 8

n-6 . _
Thereforey;; jn(Fin-1) = 47 if n=3(mod 6) andn > 8

lnT_‘} if n =4(mod 6) andn > 8

n otherwise
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2. lllustration

1"]. u yg L'4 1"5 ‘.-'B 1"'.‘ LIB 1"9 le l-'“_ lllg J'Ilg
-1 1 1 4 1 1 -11 1 -1 1 1 -1
Figurel

Product signed dominating function for fan grapmona 14 = 2(mod 6) vertices.
* 14—-8
Vsign(F1,13) -3 = 2.

3. lllustration

Figure 2

Product signed dominating function for fan grapmoa 9 = 3(mod 6) vertices by
subcase 2.1 of 1
"

-1

Figure3

Product signed dominating function for fan grapmoa 9 = 3(mod 6) vertices by
subcase 2.2 of 1
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By subcase 2.1 of ly(Fg) = 9;—6 = 1. By subcase 2.2 of lw;(F,q) = 01,

3
Thereforey sy, (Fig) = 1.

4. |llustration

Figure4

Product signed dominating function for fan grapmoa 10 = 4(mod 6) vertices.
* 10—4
Vsign(Fl,‘)) =3 = 2.

5. Theorem
n-4 . _
Forn = 4, y:ign(Wn) - {T if n = 4(mod 6) and n > 4
n otherwise
Pr oof:

Let W, represent a wheel graph nrvertices.
Let V ={vy,vy..,Vp_,v} and E ={vpvp 1|1 <b<n-2}U{vy|]1<b<n-1}U
{v1vn-1}
Case l:
fw)=1
Subcase 1.1:
If f(v,) = —1, to getf[v,] =1, setf(v,) = —1
Again to getf[v,]as 1, setf(v3) =1
Proceeding like this, we defiffaV(I,,) — {—1,+1} as
1if b = 0(mod 3)

< ph< L) =
Forl<b<n,f(v) { —1 otherwise
This f may be a product signed dominating function. i§,ithe weight will be negative since

N¢[—1] > Ng[1].[11]

Subcase 1.2:

If f(vy) = 1,10 getf[v;] =1, setf(v,) =1

Again to getf[v,] as 1, setf(v;) = 1

Proceeding like this, we haydv,) = f(vs) = - = f(v,—1) =1
In this case the weight ig the total number of vertices,

Case 2

f) =-1
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For2 < b <n-—2,itis observed that
If f(v,) = —1 then2 cases arise
(i) if f(vp-1) = -1, thenf (vp,,) = -1
(i) if f(vp—1) =1, thenf(vp41) =1
And if f(v,) = 1 then2 cases arise
(i) if f(vp-1) = -1, thenf (vp,,) =1
(ii) if f(vp—1) =1, thenf(vpy,) = -1
Subcase 2.1:
If f(vy) =1, togetf[v,] =1, setf(v,) = -1
Again to getf[v,] as 1, setf(v;) = 1
Again to getf[vs] as 1, setf(v,) = 1
Proceeding like this, we defirfeV(W,,) — {—1,+1} as
For1<b<nf(v,) = {_1 if b =2(mod 3)

1 otherwise
Subcase 2.2:
If f(vy) = —1,to getf[v,] =1, setf(vy) = 1
Again to getf[v,] as 1, setf(v;) = 1
Again to getf[vs] as 1, setf(v,) = —1
Again to getf[v,] as 1, setf(vs) = 1
Proceeding like this, we definfeV(W,,) — {—1,+1} as

—1if b = 1(mod 3
For1§b£n,f(”b):{ {otherv(vise )

Whenn = 4
By subcase 1.2w;(W,) =n=4. By subcases 2.1 and 2.@;(W,) = 0. Therefore,
V;ign(WzL) = 4.

Whenn =5

By subcase 1.2y¢(WW;,) = n = 5. By subcase 2.}[v] = f[v;] = —1 # 1. By subcase 2.2,
flvl = flv1] = flva] = =1 # 1. Thereforeyg;,,,(Ws) = 5.

Considern > 6

For n = 0(mod 6)

By subcase 1.2w;(W,) =n. By subcase 2.1f[v] = f[v;] = —1 # 1. By subcase 2.2,
flv] = flvn-1]1 = —1 # 1. Thereforeyyg;,, (W,) = n.

For n = 1(mod 6)

By subcase 1.2w;(W,) =n. By subcases 2.1 and 2.Z[v] = —1= 1. Therefore,
V;ign(Wn) =n

For n = 2(mod 6)

By subcase 1.2p:(W,) = n. By subcase 2.1f[v] = f[v,_,] = —1 # 1. By subcase 2.2,
flv1l = flva_1] = =1 # 1. Thereforeyg;,,(W}) = n.

For n = 3(mod 6)

By subcase 1.2y;(W;,) = n. By subcase 2.1f[v;] = —1 # 1. By subcase 2.%[v,_;] =
—1 # 1. Thereforeyg;,, (W3,) = n.

For n = 4(mod 6)

By subcase 1.2w;(W,)=n. By subcases 2.1 and 2.2:(W,) = nT_LL

« . n—4 n—4) _ n—4
Ysign(Wn) = min {n,—3 ,—} -

3
For n = 5(mod 6)

. Therefore,
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By subcase 1.2y;(W;,) = n. By subcase 2.1f[v,_;] = —1 # 1. By subcase 2.2f[v] =
flvil = flvn_1] = =1 # 1. Thereforeyg;,,(W}) = n.

Also from the above discussion, it is clear that filnctions defined in subcases 2.1 and 2.2
are not product signed dominating functions whea 0,1,2,3,5(mod 6)

nT_LL if n=4(mod6) andn > 4

n otherwise

Thereforey g, (Wy,) = {

6. Illustration

Figure5

Product signed dominating function for wheel grapm = 10 = 4(mod 6) vertices by
subcase 2.1 of 5

Figure 6

Product signed dominating function for wheel grapm = 10 = 4(mod 6) vertices
by subcase 2.2 of 5
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10—-4
3

By subcase 2.1 of & (W;,) = % = 2. By subcase 2.2 of & (W;o) = — = 2.
Thereforey g, (W) = 2.

7. Theorem:
Letn > 3 be any integer an@ = H,,, a helm graph oBn — 1 vertices. Then
vi o (G) = {1 when n = 1(mod4)
stgn 2n — 1 otherwise

Proof:

Let V(G) = {v,vp,up|1 <b <n-—1} with u,1 < b <n-—1 as the pendant vertices and
EG)={vyl1<b<n—-13U{nvp111<b<n-2}U{viv,_JU{vpup|l <b <n-—

1}

Herev, andu, wherel < b < n — 1 must be assigned the same functional vElag

Let f(v) = —1.
To getf[v]as1, odd number of’,'s wherel < b < n — 1 must be assigned1.

Supposen — 1 iseven,
Assign —1 to vy, v,,...,v,_, and takef(v,_;) = 1. Correspondingly,f(u,) = —1 for
1<b<n-2andf(u,_,) =1.

Now f[v] = 1 obviously.
flvnal = f)f ) f Un—1)f (Wn-2)f (v1)
=E=DAOMEDLED =1

Hencef is not a product signed dominating function.
Assign —1 to vy, vy, ..., Vp_q @and1 t0 v, _3, Vy—p, Vp—q

, _(-1, 1<b<n-—4
Correspondinglyf (u;) = { 1 otherwise

Here alsof [v] = 1 obviously.

flvnal = f)f ) f Un—1)f (Wn_2)f (v1)
=E=EDM@MME-D =1

flvn-2] = fW)f Wn_1)f Wn_2)f Un_2)f (Vn—3)
==DHM@MMA) =-1

Hencef is not a valid product signed dominating function.
Assign—1to vy, vy, ..., Vy_g @Nd1 tO v, _s, Vn_4, Vn_3, Vn—2, Vn—1
. -1, 1<bhb<n-6
Correspondingl = T
P alyf (up) { 1 otherwise

Clearly, here als¢[v] = 1.

flvn-1] = fF@)f Wn_1)f n-1) f (Wn_2)f (v1)
==EDHM@MME-D =1

flvn-2] = fW)f Wn_1)f Wn_2)f (Un_2)f (Vn—3)
==DHMHMMA) = -1

Hencef is not a valid product signed dominating function.
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Continuing like this,
Assign—1tov; andltov, where2 <b<n-1
—1ifb=1

Correspondinglyf (u,) = {1 otherwise

Clearly, f[v] = 1.

flvn-11 = fW) f Wn_)f un-1)f (Wn-2) f (v1)
=-DOMMED =1

flvn-21 = fW)f Wn—1)f Wn_2)f (Un—2) f (V5—3)
=(=DMHMMA) =-1

Hencef is not a valid product signed dominating function.
Supposen — 1 isodd,

Assign—1to vy, v,, ..., v,,—1. Correspondinglyf (u,) = —1for1 < b <n —1.
Now f[v] = 1 obviously.
flvn-al = ff n-D)f (un-1)f Wn-2)f(v1)

=E=DEDHEDEDED

=-1

Hencef is not a product signed dominating function.

Assign —1 to vy, vy, ..., Up—4, Vp—3 and1l tov,_,, v,

, _(-1, 1<b<n-3

Correspondinglyf (u,) = { 1 otherwise

Here alsof [v] = 1 obviously.
f[vn—l] = f(U)f(Vn—1)f(un—1)f(Vn—2)f(v1)
=DMMMED)
=1

flvn-21 = fW)f Wn_1)f Wn_2)f Un—2)f (Vy—3)
=(=DHMMMED .

flvn-3] = fW)f Wn_2)f (Wn_3)f (Un—3)f (Vy—4)
==DMEDLEDED .

flvn_al = f)f Wn3)f Wn—a)f (Un—s)f (Vn_s)
==DEDHEDEDED
=-1
Hencef is not a valid product signed dominating function.
Assign—1 to vy, vy, ..., Vp—g, Vn—s and1 t0 v, _4, Vp_3, V-2, Vn—1
, _(-1, 1<b<n-5
Correspondinglyf (u;) = { 1 otherwise

Clearly, here als¢g[v] = 1.
flvn-1l = f(U)f(Vn—1)f(un—1)f(Vn—2)f(v1)
= (=DMMM1D) .

flvn_2]l = fO)f W) f Wn_2)f (Un—2) f (Vn—3)
= (-DOMMA)
=-1
Hencef is not a valid product signed dominating function.
Continuing like this,
Assign—1tov; and1 tov, where2 < b <n-1
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—1ifb=1

Correspondinglyf (u,) = {1 otherwise

Clearly, f[v] = 1.

flvnal = f)f W) f Un-1)f (Wn-2) f (v1)
=(=DMMMED)
=1
flvn_2]l = fO)f W) f Wn2)f (Un—2)f (Vn—3)
= (=DMMMA)
=-1
Hencef is not a valid product signed dominating function.
Therefore, assigning-1 or 1 to continuousy,'s fails to give a product signed dominating
function.
Redefi_nef as f(v) =—-1and
F(v,) = {—1 if bisodd

1 otherwise o
Correspondingly,f (u,) = {_1 if bis odd

1 otherwise

Now f[v] = 1 only whenn is odd such that> is odd.

But here f[v;] = f(v)f (v)f (u) f (Vo) f (V1)
=(=DEDHEDHMM
=-1
Therefore this also does not lead to any prodggetesl dominating function.

Assignf(v) = f(v,) = —1. Thenf(u,) = —1.

Correspondinglyf[v] = f(v)f (v f (u) f (v2) f (V-1)
= (—DEDEDf () f (vn-1)

= 1if and only if f(v,) andf (v,_1) are of opposite sign.
Without loss of generality, assurfiér,) = —1 andf (v,,_1) =1

Thenf (u) = —1 andf (u,_y) = 1
Correspondinglyf[v] = f () f (v f (va) f (Vo) f (u2)
= lifand only if f(v3) = 1 ~ (HEDIEDED
Let f(vs) = 1. Thenf(ug) = 1.
Correspondinglyf[vs] = f(v)f(v3)f (ua) f (v2) f (va)
= (DOMEDS (va)
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= lifand only iff(v,) = 1.
Let f(vy) = 1. Thenf(uy) = 1.

Repeating the above procedurgvs) = -1, f(vg) = -1, f(v7;) =1, f(vg) =1
and so on.
(i.e) f(vp) wherel<b <n-—1 follows the pattern—1,—1,1,1 for every four vertices
starting fromv, Therefore, ifn — 1 = 4k, then the function is defined yv) = —1.

fWars1) = fWars2) = —1andf (Vager3) = f(Vagesny) = 1 for all k =0to
nT_5C0rrespondingly,f(u4k+1) = f(uss2) = =1 and f(usss) = f(Uaesry) = 1 for all
k= Oto"T_5

Now by constructionf[v,] =1Vv1<b<n-2

f[vn—l] = f(vn—Z)f(vn—l)f(vl)f(un—l)f(v)
OOEDLDED)
1

Also by constructionf[u,] =1v1<b<n-1

n-1
flol = f@) | | )
b=1

n-1
= [rw
b=1
= (D

=-1
Hencef is not a product signed dominating function.
Suppose for any odd if the above pattern of assignment of functioradlies is followed,
then
fvl =1 [z f(vp) =
-1
on—-1=4k+1
oSn=4k+2
< n = 2(mod4)

but in this casef[v1] = f(v1) f (v2) f (v) f (ua) f(vy—1)

=E=DELEDEDED

=-1

Hencef fails to be a product signed dominating function.

Therefore, assigning —1 to v under ffailsto give a product signed dominating function.

Let f(v) =1.
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Assignf(vy) = 1. Thenf(uy) = 1.

Correspondinglyf[vi] = f(v) f(v1) f (u) f (v2) f (Vn-1)
= DDA f W f (vp-1)

= 1if and only if f (v,) andf (v,,_1) are of same sign.
Supposef (v,) = f(v,_1) = 1. This procedure leads assignibgo all the vertices of
G which gives a maximum weight.
So let us assigh(v,) = f(Vn_y) = —1 Thenf (up) = f(up_1) = —1.
Now, f[va] = f()f (v f (v2) f(va) f (u2)
= (DOOEDf W) (D)
— 1if and only if f(v) = 1.
Let f(vs) = 1. Thenf(uz) = 1.
Now, flvs] = f()f (v2)f (va)f (va) f (uz)
= (DEDMSf(wa) (D)
= 1if and only if f(vy) = —1.
Repeating the above proceduféps) = 1, f(ve) = —1, f(v7) = 1, f(vg) = —1 and so on.

(i.e) f(vp) wherel < b <n—1 follows the patterri, —1 for every two vertices starting
from v, Therefore, ifn — 1 = 2k, then the function is defined by(v) = 1. f(vo,4+1) = 1 and

f(vage+1y) = —1 for all k = 0to nT_s.Correspondinglyf(u2k+l) =1 and f (upges1y) = —1

forallk=0to"7_3

Now by constructionf[v,] = flu,] =1v1i<b<n-1

n-1
flol = f@) | | Fn)
b=1

= ()(D(-D"
= lif and only ifk is even

= lif and only ifn — 1 is a multiple o#4

Thereforef is a product signed dominating function whee 1(mod4).

Now, ws(G) = n2f () + fF(wp)] + f(v)

Copyright © 2024 Authors Page$13



Futuristic Trends in Contemporary Mathematics
e-ISBN:978-93-6252-623-6

IIP Series, Volume 3, Book 1, Part 1, Chapter 12
PRODUCT SIGNED DOMINATING FUNCTION

=0+ f(v)
=1

lwhenn = 1(mod4)

Therefore, y5;4,(G) = { 2n — 1 otherwise

8. Illustration:

Figure?7

Product signed dominating function for grapl= H,, onn = 9 = 1(mod4) vertices.
V;ign(G) =1

9. Theorem:

« 1ifnisodd
Vsign(Fln) = { !

2n — 1 otherwise

Proof:

Let FL,, represent a flower graph @n — 1 vertices.
Let V ={v,vq, V9, e, Vp_1, Uy, Up, oy Up_1} and E={vv,1|1<b<n-2}U
fvyll<b<n—-1LUu{vyl|l<b<n—-LU{vv,_JU{vpul|l<b<n-1}

Casel: f(v) = -1

Here to get any[u,] (1 < b < n — 1)asl, one off(u,), f(v,) must be equal ta.
But in this case, to get[v,] = 1Vb (1< b <n —1), f should assign values ig, andwv,
for 1<b<n-1 such that ¥}21f(up)+Xiiif(v,) =0. Finally, w(Fl,) =
Yvev f(v) = —1 which is negative.
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Further to getw,(Fl,) as positive among the remaini2g — 2 vertices atleash
vertices must getunderf.

But in this case, if one af, for 1< b < n —1getsl, thenf(v,) =1vVb(1<b <
n—1) and f(u,) = -1Vvb(1<b<n-1) so thatflu,] = flv,] =1Vvb(1<b<n-
1).

Subcase 1.1: niseven
Heren — 1is odd.
In this casef is a valid product signed dominating function witp(Fl,,)negative.

Subcase 1.2: nisodd
Thenn — 1is even.
Heref[v] = —1in which f fails to be a product signed dominating function.

Case2: f(v) =1

Here for everyb, 1< b <n -1, bothuy, andv, must have the same functional
value. Thatisf(u,) = f(vy) =1orf(u,) = f(vy) =-1,1<b<n-1
Supposef (uy) = f(v,) = 1 for somek,1 < k < n — 1. Then the neighbor vertices of in
the inner cycl€vyvs ... v,_1) must get-1 to get minimum weight. -@
At the same time the neighbors »f_; and v,,; must getl (in the inner cycle) so that
flvg-1l = flvesal = 1.
Repeating this procedure, the vertices of the ianerouter cycle gdtand—1 alternately.

Subcase2.1: niseven
Thereforen — 1 is odd.
Here the above procedure fails to give a valid pobdigned dominating function.

Subcase 2.2: nisodd

Heren — 1is even.
In this case, the procedure yields a valid prodsighed dominating function and the
corresponding

n-1 n-1
wp(Fl) = F0) + ) f@w) + ) f(w)
b=1 b=1

=140
=1
Hence thigf is a product signed dominating function with aipes weight.

As the weight id, this is minimum and the corresponding,, (Fl,) = 1.
Further by statement (1) and subcase 2.1, the mmalgluct signed dominating function giving
positive weight isf(v) = 1Vv € V whenn — 1is odd.
Hencewy (FL,) = |V| = 2n — 1 whenn is even and the correspondig,, (Fl,) = 2n — 1.

. 1ifnisodd
Therefore, Vsign(F ) = {Zn —];_ otherwise
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10. Hlustration:

Figure8

Product signed dominating function for flower grdflb on2(5) — 1 = 9 vertices.
V;ign(FIS) = 1
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