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Abstract

In today's ecological research, the
uncertainty surrounding parameter values in
mathematical models holds a crucial role.
This research article introduces the
application of the Hukuhara derivative
technique for formulating predator-prey
interactions with harvesting. We construct a
two-dimensional predator-prey model that
accounts for the uncertain behavior of both
prey and predator populations. We formulate
Fuzzy Differential Equations (FDE) for
various scenarios: when both populations,
prey (x(t)) and predator (y(t)), are i-gH

differentiable;  when  x(t) is i-gH
differentiable ~ while y(t) is ii-gH
differentiable;  when  x(t) is ii-gH

differentiable and y(t) is i-gH differentiable;
and finally, when both populations are in ii-
gH differentiable states. We provide
analytical descriptions of stability criteria
for  equilibrium  points.Our  findings
highlight that the dynamic behavior of
predator-prey interactions with harvesting
hinges on parameter fuzziness. We conclude
from this study that the mathematical
model's dynamics are strongly influenced by
the imprecise nature of these parameters,
mirroring a more realistic representation of
ecological systems. This research opens a
novel dimension in ecological studies.

Keywords: Predator; Prey;
Fuzzy; Hukuhara derivative.

Harvesting;

Copyright © 2024 Authors

Authors

Dr. Nikhilesh Sil

Department of Basic Science and
Humanities (Mathematics)
Narula Institute of Technology
Kolkata, West Bengal, India
sil.nikhilesh@gmail.com
nikhilesh.sil@nit.ac.in

Prithwi Rudra

Department of Computer Science and
Engineering

Narula Institute of Technology
Kolkata, West Bengal, India

Arshavi Roy

Department of Computer Science and
Engineering

Narula Institute of Technology
Kolkata, West Bengal, India

Soumalya Roy

Department of Computer Science and
Engineering

Narula Institute of Technology
Kolkata, West Bengal, India

Panchatapa Mandal

Department of Computer Science and
Engineering

Narula Institute of Technology
Kolkata, West Bengal, India

Page | 126



Futuristic Trends in Contemporary Mathematics

e-ISBN: 978-93-6252-646-5

I1P Series, Volume 3, Book 3, Part 6, Chapter 4

EXPLORING FUZZINESS OF THE PARAMETERS IN PREDATOR-PREY

MODEL WITH HARVESTING: AN APPLICATION OF HUKUHARA DERIVATIVES

I. INTRODUCTION

In the field of prey-predator system, Harvesting has immense importance as a
biological phenomenon to study the management of renewable resources. Fishery and
Forestry uses harvesting of prey population [1, 2, 3]. In the recent years, researcher are more
interested to work on prey-predator system with Harvesting to maintain renewable resources
[4-10]. Fisheries and floristries has been exploiting renewable resources since the past few
decades and has became a major concern in bio economic analysis [1, 11]. The dynamics of
multy species harvesting models has demanded the time of many researchers [12, 13, 14, 15,
16]. Non-selective harvesting model is studied in [17, 18], though there is a problem on non-
selective harvesting policy with logistic growth [1]. This type of model has maximum
sustainable yield (MSY). The population will extinct if its harvesting rate exceeds its
maximum sustainable yield, and the decreased harvested species can be recovered if the
harvesting rate is smaller than its MSY [19].

Harvesting Policy are of two types — one is constant quota harvesting and the other
one is constant-effort harvesting. In constant quota harvesting, a steady number of individuals
from the population are harvested within a given time frame. Conversely, in constant-effort
harvesting, a fixed effort is exerted per unit of time to capture animals from the population
[20]. Although a particular rule is not followed by harvesting. For example, more number of
fishes are harvested in warmer seasons than in cold seasons [21].

Fuzzy differential equations (FDESs) have gained widespread attention across various
fields such as engineering, economics, biology, and physics. In real-world situations, complex
problem can be modeled by fuzzy set theory. Individual behaviors within a system often
exhibit inherent variations, which are confined to a relatively small set representing the
collective characteristic behavior of the group. To effectively quantify the subjective qualities
under study, it becomes essential to assign values or degrees that satisfactorily represent these
qualities. This task cannot always be accomplished solely through objective measurements or
statistics. Consequently, when the state variables of a given demographic system exhibit
inherent uncertainty, it becomes imperative to incorporate fuzziness into the system,
representing this uncertainty through fuzzy variables.In brief, when constructing models to
depict real-world situations, it is common to encounter imprecise or uncertain data. Relying
on precise real-life data in such instances may lead to errors. Therefore, it is prudent to
consider parameters as imprecise in these situations. Naturally, a question arises: does the
model's behavior remain consistent with that of the crisp (non-fuzzy) model? Clearly, the
behavior differs, necessitating an investigation of this behavior within this context.FDEs
emerge as a potent tool for characterizing the dynamics and characteristics of harvesting
models in predator-prey systems.

Fuzzy logic's FL-generalization stands as a remarkable contribution, bridging the gap
between crisp sets and those reliant on fuzzy sets. One prominent manifestation of this
generalization is Fuzzy Differential Equations (FDEs), a cornerstone of fuzzy mathematics.
When all coefficients or parameters within the boundary conditions of a differential equation
adopt a fuzzy nature, it qualifies as a fuzzy differential equation [22]. The credit for
proposing fuzzy set theory goes to Zadeh, as it encompasses the concept of membership
functions and addresses uncertainty [23]. In recent years, fuzzy set theory has surged in
popularity within mathematics due to its diverse applications across various scientific
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domains. Fuzzy differential equations have proven invaluable for modeling numerous
dynamic systems, accommodating the inherent uncertainty associated with parameters [24]. A
comprehensive exploration of prey-predator system harvesting, incorporating fuzziness, can
be found in [25].

The concept of fuzziness holds a pivotal role in dynamical systems, with the
Hukuhara derivative emerging as a pioneering concept for addressing fuzzy differential
equations [26]. Fuzzy differential equations were first established in 1978 [22], sparking
extensive research efforts to develop and apply this concept [22]. Notably, the solutions of
crisp models and fuzzy differential equations exhibit significant disparities, motivating
numerous researchers to generalize their findings [24, 27, 28-40].First-order fuzzy
differential equations pose particular challenges, as solutions vary depending on the
interpretation [41-43]. Several methods, including generalized differentiability concepts and
operator methods, have been devised for solving fuzzy differential equations of first and
second-order [44-48]. The generalized Euler approximation method is used to tackle fuzzy
differential equations numerically [49,50].

In this research article, our primary objective is to model a predator-prey system with
harvesting using Hukuhara derivative and analyze it under the more realistic assumption that
both populations are uncertain in nature. In Section 2, we provide an overview of the
fundamentals of fuzzy differential equations. Next, in Section 3, we introduce the
mathematical model for predator-prey interaction with harvesting.Section 4 is dedicated to
fuzzy differential equations, considering different scenarios where both populations, namely
the prey population (x(t)) and predator population (y(t)), exhibit varying degrees of
differentiability. These scenarios encompass cases where x(t) is i-gH and y(t) is ii-gH
differentiable, as well as scenarios where x(t) is ii-gH and y(t) is i-gH differentiable. We also
present the model when both populations are in ii-gH differentiable states and provide the
corresponding results.Finally, we conclude the paper with a discussion and draw our overall
conclusions.

Il. BASIC DEFINITIONS

1. Fuzzy Triangular Number [51]: The membership function of a triangular fuzzy number
M, denoted as (m_1, m_2, m_3), is defined as follows:

X—miq
n(x = S <x<
) 2 m < x <m,
ma3—Xx
= m3m , ng <m3
3—Mm2
= 0, m; =x,mg<Xx

2. a-Cut of Triangular Fuzzy Number [51]: The a-cut of triangular fuzzy number M =
(mq, my, m3), Ya€ [0,1] is given by

M, = [my + a(m; —my), mz — a(mz —my)].
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3. Generalized Hukuhara Difference [52]: Let us define the generalized difference of A
and B as the set C € M (X),where A and B belong to the set M (X), and this is
characterized by the following condition:

A8,B=C o {(DA=B+C
for (i)B=A+ (—1)C

4. Generalized Hukuhara derivative for fuzzy valued function [53]: The function g:(a,b)
— Rp is said to be strongly gH-differentiable at powhere po€ (a,b), if g’(po) € Rf, such
that

Ve> 0 (0< e < 1), 3 g(Pot+€)0,9(Po),9(P0)Oy g(Po-€) and the limits

go+€)0,8(po) _ li g(o) 04 8(po—€)
s g 2

g’ (pO) = lime -0

€

or (ii) Ve> 0 sufficiently small, 3g(po)0,9(po+e), 9(Po-€) 6, 9(Po) and the limits

€' (po) = lim, o ECUOECE Dy, BP0 0 6r0)

or (iii) Vve> 0 sufficiently small, Elg(p0+e)0_gg(po), f(po-€) 6, f(po) and the limits

o —€)o, f
€'(po) = lim_o B0 D080 - iy 8P0=9) 8 [po)

or (iv) ve> 0 sufficiently small, 3g(po)8,9(po+e), 9(Po) Oy g(po-€)and the limits

g8(0)0y8(po+te) _ li g(0)0ygo—e)
e

- -
€ €-0 €

g, (pO) = lime -0

5. Strong and Weak Solutions of Fuzzy Differential Equation: Consider a fuzzy
differential equation % = g1 (t, x(t))with the initial condition g(t)=Xo Where X; is a
fuzzy numpgr. Let, the solution of this fuzzy differential equation is §(t). The a-cut of the
solution g(t) is denoted by [g, (t, @), g (¢, a)].

If g,(t,a) is increasing function,g,(t, o) is decreasing function and g,(t,a) <
g»2(t, o), Vae [0,1], the solution g(t)is termed as strong fuzzy solution. Otherwise the
solution is called weak fuzzy solution.

Weak solution is also a fuzzy solution, but our aim is to transform the weak
solution in to strong solution with the help of the formula

gt o) = [min{gi(t,0), g2(t, @)}, max{g:(t, ), g2(t, 0)}]
111.FORMULATION OF THE MATHEMATICAL MODEL

Here we introduse mathematical model of predator-prey system with harvesting.
Where x(t) represent the prey population and y(t) represent the predator population.
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d’;(tt) = rx(®) (1~ %)) — ax(t)y(t) — ex(t)
dfj—it) = kax(t)y(t) — d,y(t) @)

With x(0) = x0 and y(0) = y0.

Here "r" and "k1" are the intrinsic growth rate and carrying capacity of prey. The
predation rate of the prey population by the predator, indicated by "a". The conversion rate of
prey population into predator, denoted as "k". The harvesting coefficients for the prey
population, given as "e". "d2" is the death rate of the predator population.

IV.PREDATOR-PREY MODEL WITH HARVESTING IN FUZZY ENVIRONMENT

Let's analyze the fuzzy solution of the system of equations (1), which we'll denote as
(x(t), ¥(t)). The a-cut of X(t) can be defined as the interval [x_1(t,a), X_2(t,a)], and the a-cut
of y(t) can be defined as the interval [y _1(t,a), y_2(t,a)]. In this context, the parameter o must
satisfy the condition 0 <a < 1.

1. Case 1: when x(t) and y(t) both are i-gH Differentiable: With the help of the fuzzy
technique, we can write the system of equation (1) as

dx,(t,a) x,(t, )

—=1rx(t,a) (1 — ) —axy(t,a)y1(t,a) —ex,(t, )
dt k4

dxy(t,a)

=X (t,a) (1 — %) —axi1(t,a)y,(t,a) —ex;(t, @) (2
1

d}’1d(tt;0() = kax,(t, )y, (t,a) — d,y,(t,a)

dy, (¢, @)
dt

With x; (0, a) = xp1 (@), x2(0,a) = x92(a), y1(0,a) = yo1(a) and y,(0,a) = yo,(a)

= kax,(t,a)y1(t,a) — dyy1(t, )

Stability Analysis of System: Interior equilibrium point of the system (2) is given
byET (x1",x2", y17,y2")

Where,
1% _ d2 1% _ 42
= — X = —
1 ka' 2 ka'
16 _ kkia(r—e)—dyr 1 _ kkia(r—e)—d,r
1 kkia2 72 kkia?

The existance condition of the equilibrium point Efis kkia(r — e) > d,r. This
condition is also feasible.

The jacobian matrix corresponding to E7 is denoted as V',
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0 aiz  aqs 0

Where, V= [ %21 8 8 a84

as
0 a2 O 0

And,
. erzl* 1% _ 1*
A =7 — o ayi —e, aiz3 = —ax;,
2rx” 1 1
Aon =7 ==~ ay;" —e, Apq = —axi’,

_ 1
as; = kay;",

—_ *
a4y = kayj

The characteristic equation is given by

EF 4+ A8 + Ayt + A3é + Ay =0

Where,
Al = 0.
_ _ 2TX21* 1% _
Ay = ay509; + G404 + ay3a3; . Where,  a;p =1 — —ayi —e ,aq13 =
1% _ 2rxf* 1x _ 1% _ 1% — kavl* _
—ax; ,q;1 =7 — —ay; —€,dzs = —ax{ ,0z4 = —aXx{ ,d3; = KAY; ,A4p =
kayi*.
A3 = 0

Ay = a13024031A4;.
Hered; =0, A; =0,

Therefore, according to the Routh-Hurwitz criteria, the system is unstable if both
x(t) and y(t) are i-gH differentiable.

2. Case 2: when x(t) and y(t) are i-gH differentiable and ii-gH differentiable
respectively
The system (1) can be written as

w =1rx(t, Q) (1 X (kt]L 0!)) — ax,(t, )y, (t, a) — exy(t, @)
w = 1x1(t, @) (1 X (kt1 a)) — ax (t, )y (t, a) — ex; (t, @)
DD  axy (t, @)y (t @) — dyyr (£, @) 3)
w = kax,(t, @)y, (t, @) — dy,(t, @)

With x; (0, @) = x¢1 (@), x2(0, @) = xp2 (@), y1(0, @) = yp1 () and y,(0, @) = yp,(a)
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Stability Analysis of System: Interior point equilibrium of the system (3) is given
byE; (x{*, x3", yi*, ¥5"

Where,
2% __ ﬁ 2% __ d_2
*1 " ka ' 2 ka'
2% _ kkia(r—e)—dyr 2% _ kkia(r—e)—dyr
1 kkia2 ' 72 kkia?

The existance condition of the equilibrium point E5is kkia(r —e) > d,r. This
condition is also feasible.

The corresponding jacobian matrix corresponding to E5 is denoted by V',
Where,

0 a, a3z 0

V= az1 0 0 ay
2710 a3 O 0
a;; O 0 0

and,
2rx3”* 2 2
A2 =T — ot —ayi“—e, a3 = —ax;’,
2rx$* 2 2
a1 =1 -— P ay;" —e, Apq = —axi’,
— 2
as; = kayi’,
—_ *
as = kay;”.

The corresponding characteristic equationis given as follows
& +B1&3 + By&s +B3&, + B, =0

Where,
Bl = O,
2% 2%

2rx 2rx
12 —ay?* —e,ay =1 — 11 —ay3* —e,

BZ = aq1204y1. Where, A =7 —

B3 = a3 axas + ag3a;z1as3;,
By = 41302403704 .

Here B, =0,

Therefore asper Routh-Hurwitz criteria, system (3) is unstable.

Therefore,we can conclude that, the system is unstable, if x(t) and y(t) are i-gH
differentiable and ii-gH differentiable.

3. Case 3: When x(t) and y(t) are ii-gH differentiable and i-gH differentiable
respectively: The system of equation (1) can be written as

_d ’ )
x1§z a) =rx1(t, @) (1 - %) —ax1(t, @)y, (t, a) — ex;(t, @)
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dx,(t, a) X, (t, )

4 - rx,(t, a) (1 — k—) —ax,(t, )y (t, @) —ex,(t, a)
1

LD = kaxy (t, @)y (t,@) — dzy, (¢, @) (4)

dy,(t,

20D _ ka6 @) — doya ()

With x1 (0, @) = x¢1 (a), x2(0, @) = x¢p2 (@), ¥1(0, @) = yp1 (@) and y,(0,a) = yo, (@)

Stability analysis of system: The interior point equilibrium corresponding to system of
equation (4) is given byE3 (x3*, x3*, y3*, y3*

Where,
3% dZ 3% __ d_2
1 = ka ! X2 = ka '
3% __ kkia(r—e)—dor 3% __ kkia(r—e)—dpr
1 kkya? Y2 kkya?

The existance condition of E3is kk,a(r — e) > d,r. This condition is also feasible.
The jacobian matrix corresponding to Ez is denoted by Vs,

Where,
a1 0 0 a4
« _ | 0 G ap; 0
Vs =1,
31 0 0 0
0 ap 0 0
Where,
2rx3* 3 3
app =1r-— P —ay; —e, ayy = —axy’,
_ 2rxd* 3% _ 3%
Azo =T — —ay{ —e, a3z = —ax; ,

_ 3
asz; = kay;”,

— *
as; = kayi

The characteristic equation is given by

E3+ C1&3 + CrE3 + G383+ C, =0

Where,
rad* 3k 2rx3* 3k
C; =aqy1 + a,, .where,ay; = r — o Tayy —e,ayp =r—————ayj —e.
1 1
2rx3* 2rx3*
C, = aj1a,, . Where, a;; = r—k—l—ayze’* —e,ay =1— kz —ay?* —e.
1 1
C3 = 0
Cy = Q14023031 042. Where aqy = —axi*, a3 = —ax3",a3; = kay;", as, = kayi”.
HereC; =0,

Copyright © 2024 Authors Page | 133



Futuristic Trends in Contemporary Mathematics

e-ISBN: 978-93-6252-646-5

I1P Series, Volume 3, Book 3, Part 6, Chapter 4

EXPLORING FUZZINESS OF THE PARAMETERS IN PREDATOR-PREY

MODEL WITH HARVESTING: AN APPLICATION OF HUKUHARA DERIVATIVES

Therefore the above system is unstable by Routh-Hurwitz criteria, So the system (4) is
unstable when x(t) and y(t) are ii-gH and i-gH differentiable respectively.

4. Case 4:when x(t) and y(t) both are ii-gH differentiable

We can write the system (1) as

dx,(t, @) x1 (¢, @)
4 rx1(t, @) (1 i ) — ax1(t, )y, (t,a) —ex (t, @)
1
L = rap(t0) (1-22) - axy (6 (@) - exy (@) (5)
D = kaxy(t, @)y (6,@) — oy (£, @)
dy,(t, a)
—ar kax,(t, @)y, (t, @) — day2 (¢, @)

With x; (0, @) = x¢1 (@), x2(0, @) = xp2 (), y1(0, @) = yp1(a) and y,(0, @) = yp,(a)

Stability Analysis of System: Interior point equilibrium of system (5) is given
byE; (i, x3", y1*, ¥

Where,
4% d; 4x d,
X1 =—— Xy = —
1 a' 2 ka'
4% _ kkia(r—e)—dpr 4% _ kkia(r—e)—dpr
1= kkia2 ' 72 T kkia?

The existance condition of the equilibrium point E; iskkia(r —e) > d,r. This
condition id feasible condition also.

The corresponding jacobian matrix is given byV}’,

aq 0 0 Qs

* 0 az; Q3 0
Ve = 0 az; dss 0

as 0 0 Q4

Where,
_ . erf* _ 4x _ 4x
an =r i ay; —eée, A4 = —axq,
2rx3* 4 4
A2 =T ==~ ayr —e, A3 = —axy’,
— 4 —
as; = kayi”, aszz = 0,
— 4 —
as = kay;”, ass = 0.

The characteristic equation is given by
EPH PES + PP+ PE + P =0

Where,
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2rxit 2rxst
P, =ay; + ay, .wWhere,ayy = 7 — kl —ay3*—eay,; =r— kz —ay* —e,
1 1
P, = - + where = —ax;* = —ax;* =
2 = Q3037 — A11027 T A1404 . ) Aq4 axi ,dzs ax; ,ds;

kay;*, ay = kay3*.
P; = aj1a3a3; + 140,047,
Py = 414073037041 .

Now,

The system (5) is stable if Py, P,, P;, P, all are positive and P;P, — P; > 0 and
P,P,P; — P? — P?P, > 0, according to the Routh-Hurwitz criteria. So the system (5) is
stable if x(t) and y(t) both are ii-gH differentiable.

V. DISCUSSION AND CONCLUSION

In this research article, we investigate the dynamic behavior of predator-prey
interactions with harvesting within a fuzzy environment. In mathematical representations of
ecological problems, not all parameters need to be precise; some may exhibit imprecision to
capture various behavioral aspects. The presence of impreciseness among these parameters
leads to changes in the system's dynamical behavior. Fuzzy concepts play a fundamental role
in understanding and modeling such dynamical systems.

In this research article, we begin by examining a two-dimensional Predator-Prey
system with harvesting. Subsequently, we establish four sets of fuzzy differential equation
models for the Predator-Prey system with harvesting, along with fuzzy initial values. In the
initial fuzzy differential equation, we assume that both populations, i.e., x(t, ), y(t, a), are i-
gH differentiable, and we analyze the model's dynamical behavior analytically. Next, we
investigate a scenario where x(t, a) is i-gH differentiable, while y(t, a) is ii-gH
differentiable, and we observe the model's dynamical behavior. Then, we consider the
opposite scenario, where x(t, «) is ii-gH differentiable and y(t, «) is i-gH differentiable, and
we analyze the model's dynamics analytically. Finally, we examine a case where both
populations, x(t, a), y(t, a) are ii-gH differentiable, and we observe the model's dynamical
behavior analytically. In our observations, we find that the equilibrium points corresponding
to the first three fuzzy systems of equations are unstable, while the equilibrium point
corresponding to the last fuzzy system of equations is stable. This means that when both
populations are ii-gH differentiable, the solution remains stable.
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