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I. INTRODUCTION

Banach Contraction Principle(BCP) was demonsted firstly by S. Banach [2] in 1922.
It has a vital role in fixed point(FP) theory and became very famous due to iterations. Many
researchers are establishing new results in various generalizations of metric spaces. S-metric
space is one of the generalizations in metric spaces. In 2012, S-metric space was defined by
Sedghi et al.[7]. We start with some definitions and results for vector S -metric
spaces(VSMS).

Definition 1: [4] On a set C, a relation < is a partial order if it follows the conditions stated
below:

1. Ay <A, (reflexive)
2. A <A, and A, < A; implies A = A, (anti — symmetry)
3. A{ =2 A, and A, Az implies A; < Az (transitivity)

V Ay, Ay Az E€C.

The set C with partial order < is known as partially ordered set (poset).

A partially ordered set (C, <) is called linearly ordered if for A, A, € C, we have
either Ay < A, or A, < A,

Definition 2: [4] Let C be linear space which is real and (C, <) be a poset . Then the poset
(C, =) issaid to be an ordered linear space if it follows the properties mentioned below:

1l 9129, = 0, +H3 =0, + H3
2. 912§, = wP; X wP,

V§1, 62,603 € Cand w > 0.

Definition 3: [4] A poset is called lattice if each set with two elements has an infimum and a
supremum.

Definition 4: [4] An ordered linear space where the ordering is lattice is called vector
lattice(VL).

Definition 5: [4] A VL K is called Archimedean if inf{%sz} =0 for every Qe K*

where
K*={Q€eK:Q>0}.

Definition 6: [3] Let K be VL and R be a nonvoid set. A function d: R x R — K is called
vector metric on R if it follows the conditions stated below:

l. d(Ql,Qz) = O iff Ql == Qz
2. d(Qy,Q,) 2d(Q, Q) +d(Q3,Q,) VQ;,0,,Q; ER
The triple (R, d, K) is called vector metric space.

Now, vector valued S-metric space is defined as follows:
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Definition 8: [10} Let K be VL and R be a nonvoid set. A function iR XRXR > K is
called vector S-metric on R that satisfies the conditions mentioned below:

1. S(61, 62 03) = 01_

2. S(§1,82,63) =0 iff p, = p, = g5,

3. S(pl, 2, 3) = S(p1, p1, a) + S(2, 02, o) + S($03, 03, )
forall g4, 0., 5, a €R

The triplet (R, S, K) is called vector S-metric space(VSMS).

Example 1: Let R be a nonvoid set and K be a VL. A function S:RXRXR > K is
defined by

S(§1, 82, 83) = |(#1,03)| + (82, 83)| V1,62, 63 ER

then the triplet (R, S, K) is VSMS.

Definition 9: A sequence (h,) in VSMS (%R, S,K) is called K-convergent to some A € K if
there is a sequence (u,) in K satisfying u, { 0 and S(#h,, A,, h) < u, and denote it by

SK
An — h.

Definition 10: A sequence (h,) in VSMS (R, S,K) is known as K-Cauchy sequence if
there is a sequence (u,) in K satisfying u, 1 0 and S(hy, fin, Ayiq) < py holds for all g
and n.

Definition 11: If each K-Cauchy sequence in R is K-converges to a limit in R then VSMS
(R, S,K) iscalled K-complete .

Lemmal[8] For VSMS (%, S, K),
S(h,h,u) =S(u,u,h) Yy h €R.
Il. MAIN RESULTS

Theorem 1: Let (R, S, K) be a VSMS which is K-complete and K be Archimedean. Suppose
the transformation f: R — R satisfies

S(FQ, Q, fh) < qS(Q, Q, h) VQ, h € R

where g € [0,1). Then f has FP in R which is unique and for any g, € R, iterative
sequence (§,,) defined by ,, = f§m-1, forall m € N, K-converges to FP of f.

Proof: Let g, € R and (g,,) defined by §,, = f.,_, for m € N.Then we have

S(m Om» Pm+1) = S Pm—1, fPm-1, fPm) = 4S(Pm-1, Pm-1,Pm) =

5 qu(SOO)SOOlSOI)
Thus for m,p € N
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S(Pm Pms Pmip) < 25@m) Py Pmr) +

25(@m+1: t@m+1f Som+2) +

ot S(pmﬂa—l» Som+p—1' Som+p)
= Zs(tpmi pm' Som+1)

25(@m+1: t@m+1f Som+2) +

ot 25(50m+p—1' pm+p—1' pm+p)
22(q™+ @™+ + g S($00, 600, 601)
<2q™P 1+ q+ g% + ) S(§0,£0, 1)

m+p-—1
<2 S0, 80, £1)-

1-g¢q

Thus (f,,) is a K -Cauchy sequence because K be Archimedean. Then by

K-completeness of R, there exist g € R such that g,, = . So there exist (b,,) in K such
that b,, 1 0 and S(©m, om, ) = by,. Since

SUp.f0,0) 2 25(f om fPm [8) + S(fm, fm &

= ZCIS(A"Jm: A”Jm: 80) + S(Jom+1' gom+1'80)
< 2qby + bpsq
< 2(q+ )b,

then S(fgp, f, %) =0, ie. fp = p.
We can also verify the following theorem as above.

Theorem 2 Let (R, S, K) be a VSMS which is complete and K be Archimedean. Suppose the
transformation f:R — R satisfies

S(fQ,fQ,fSO) = {als(Q'QlfQ) + aZS(p'prfp) + aBS(QrQpr) +
a45(80;80;fQ) + aSS(QIQ'p)}

for all Q, g € R, where a,,a,, as, a, and as are positive and a; + a, + az; + a, +
as < 1. Then f has FP in R and for any g, € R, iterative sequence (g,,) defined by
Ym = f#m-1, m € N, K-converges to FP of f.

Example 2 Let K = R2 with coordinatewise ordering and let
R={0,0p) ERZO=<Lp=<1}U (»,0)€ER%:O0 < p < 1}.
The mapping S: R X R X R = K is defined by

S((Q, O)' (Q, 0)' (80' O)) = (g |Q - t@l! |Q - pl)
S((O,Q), (O,Q),(O,g@)) = (IQ - t@l!%lg - pl)
S((2,0),(2,0),(0,0) = GQ+p,Q+-p)

Then R is VSMS which is complete.
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