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I. INTRODUCTION

The contemporary class refers to a specific set of double integrals that can be
evaluated by utilizing generalized hypergeometric functions. Prior to getting into the
particulars of the contemporary class of double integrals, it is necessary to comprehend the
concept of generalized hypergeometric functions. These are generalized versions of common
hypergeometric series. Due to their capacity to represent solutions to linear differential
equations with polynomial coefficients, they have a wide range of applications.

The following is a typical generalized hypergeometric series with p numerator and
q denominator parameters is as follows:

1.1

8,808, | _&(a),(8),-(a,), 2"
F 7| = L
prg {bpbz’---,bq Z] nZ:(;(bl)n(bz)n...(bq)n n!

where no denominator parameter is supposed to be zero or negative integer, if any
numerator parameter is zero or negative integer the series terminates.

The series in (1) converges for all values of z when p < q. When p = q + 1, the
series is convergent if |z| < 1 and divergent if |z| > 1. Further if p = g + 1, it converges

q gq+1
absolutely for |z| = 1 provided SR[ij —Zaj}>0
=1

=1

Moreover (a), is known as shifted factorial or Pochhammer’s symbol defined as:

1, n=0
(a), ={ (1.2)
@@+n@+2)...... (@a+n-1), neN

Additionally, the results are very applicable and advantageous from an applications

standpoint when a generalized hypergeometric function, q+1Fq, is turned into a gamma

function. The following classical summation theorems will be covered; therefore, the work
should stand on its own [3,12,11]:

1. Gauss’s summation theorem: For $R(c—a—b)>0

2|:{a\,b _1} _ T(9)T(c-a—b) 13)

I'(c—a)l'(c-b)
2. Kummer’s summation theorem:

C(+a—b)T (1+ aj

25[ a.b --1}: 2 (1.4)
r(l—b+;)r(1+a)
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Gauss’s second summation theorem:

ab ﬁr@(‘“bwj
Rl 1 51T T 1 o
E(1+a+b) r(z(a+1)jr(2(b+1))

Bailey’s summation theorem:

1) (1
) F(bjr((bﬂ)]
2|:{a,l a ; l} _ 2 2 (1.6)
b2 F(;(a+b))r@(b—a+l)j

Dixon's summation theorem: For R(a—2b—2c) > -2

(1.7)

L 1
. { a,b,c . } ) F(1+2ajl“(1+a—b)F(1+a—c)r(1—b_c+Za)
3°2

1+a-bl+a-c 1"(1+a)1"(1—b+;a)r(l—c+;ajr(l+a—b—c)

Watson’s summation theorem: For $R(2c—a—b)>-1

a,b,c \/;1“[1+cjr(1(a+b+1)jr(c—1(a+b—1)j
el = 2 2 2
5 A+a+h) 2 r@ (a+1)J F@(b +1)) r(c—;(a—l)j F(c—;(b—l)j

Whipple’s summation theorem:

a,1-a,b
3F2 ’1
c,2b—-c+1

(1.8)

72°2T(¢)T(2b—c+1) (1.9)
1 1 1 1
F(z(a+c)jr(b+2(a—c+1)j1“(2(1—a+c)j1“(b+1—2(a+c)j

. RESULTS REQUIRED

In 2015 Masjed-Jamei and Eslahchi [5] generalized the above classical summation

theorems by employing the following identity:
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F {ai,az,---,ap ;Z} $H @) (@), (3y), 2

b,b,,...,b, im0 (0 (0,) (b, ) Kt (2.1)
mp+1qu+m Aik’Azk’ pk’ ;m(pqul)mzm
Blk’B,k’ 'Bq,k' Lk

Where,
_ a;+k a;+1+k a;+m-1+Kk
Ajk: , yoer

m m
for j=12,...,p
. (bj+k b, +1+k b +m-— 1+kj
Bjk = ’ e

m m
for j=12,...,9
r _(1+k 2+k m+kj
e = | T T e T

By employing above general case (2.1), generalization of classical summation
theorems (1.3)- (1.9) are following:

1. The general case of the Gauss’s summation theorem for any natural number m is as:

a+k a+m-1+k b+k b+m-1+k

Z(a) ), m mom m
(c) k! ™ Fom c+k c+m-1+k 1+k m+k ’
LA | ) LA | (2.2)
m m m m
_I'(c)'(c—a-h)
I'(c—-a)'(c—-bh)
provided R(c—a—b)>0
2. The general case of Kummer’s summation theorem for any natural number m is as:
a+k a+m-1+k b+k b+m-1+k 1
z(a) ((0) (-1)" E m m "m m ’ ()"
S (l+a-b) k! *™ 2" | 1+a-b+k a-b+m+k 1+k m+k ’
- — T T 23)

F(l+a—b)l‘(1+2j
F(l+a)1"(1+2—bj
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3. The general case of Gauss’s second summation theorem for any natural number m is as:
% (@), (b), 2"
= (1(a+b+1)) ki
2 K
a+k a+m-1+k b+k b+m-1+k 1
m 1y m ) m 1y m ’ -2_m (24)
I k4 (a+b+1)/2  m-l+k+(a+b+1)/2 1+k  m+k '
m 1y m ' m 1y m
ﬁr(;(amu)j
p(a+)p(b+1
2 2
4. The general case of Bailey’s summation theorem for any natural number m is as:
a+k a+m-1+k 1-a+k —a+m+k 1
mZi‘i(3-)k(1_a)k(2)_k m m om m , el
- (c) k! 2 c+k c+m-1+k 1+k m+k ’
m m m m (2.5)
%)
_ 2 2
F(MJF(l(c—aﬂ)j
2 2
5.

The general case of Watson’s summation theorem for any natural number m is as:

T (@)(b)(c)
k=°(;(a+b+1)) (20), k!

k

aLk a+m-1+k b+k b+m-1+k c+k c+m-1+k

1y T e R |1
m m m m m m - (2.6)
M k@bl /2 m-l+k+(a+b+1)/2 20+k  2c+m-1+k 14k m+k
m 1 m ) m yren m ) m 1o m

:\/;F[C+;] F(;(a+b+1)j F[c— a+;>—1j
ISP vl lice

It is worth noting that for m=1 results reduce to Eqg. (1.3) to Eq. (1.9).
Remark: For other generalizations we refer to [12]- [15].
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Our aim is to achieve a new class of double integral involving the generalization

of classical summation theorems given by Masjed-Jamei and Eslahchi (2015), (2.2) to
(2.8) using the following double integral due to Edwards (1954):

11 . " Lo T I
! j Y (LX) (L-y) ™ (1-xy) ﬂdxdy:% (2.9)

I11. NEW CLASS OF DOUBLE INTEGRALS

Theorem 1: For meN suchthatm >0 and R(c—a—b) >0 following result holds
true:

= (a)k j‘j‘ yb+k (1— X)b+kfl (1— y)c—b—l (1— Xy)l—c—k
k=0 k! 00
a+k a+m-1+Kk 1 .
e 1+k m+ Kk 1—xy
e
_I'(b)I'(c—a—Db)

I'(c—a)

Proof: For proving Theorem, denoting the right-hand side of the Eq. by I, expressing .., F,
as a series,

+(8),

m
ko Kl

[a+k) (a+m—1+k) @
Xan m m), m mn”dxd
A—xy)" ) £ v

O Cmy

1
." yb+k (1_ X)b+k—1 (1_ y)c—b—l (1_ Xy)l—c—k
0

+ e —+ n!
m m), m m),

changing the order of integration and summation

. [a+kj ___(a+m—1+kj .
(a)ki m m_/n m m/n
n=0 l

7 k! ( kj [m kj
—+— | .| =+ n!
m m)/, m m)/,

3

~
Il

X

O'—;H

I

and evaluating using double integral due to Edwards (1954), We have:

yb+k+mn (1_ X)b+k+mnfl (l— y)cfbfl (l— Xy)lfcfkfmn dXdy,
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S R S

m), (),

g I'(b+k+mn)I"(c—b)
I'(c+k+mn)

employing the formula Eq. (1.6) and

a k a+m-—1 Kk
1 (a) [m + mj (m +mj @D,
—F(C—b)z kz n n

Lok (b+K)y,
“T(Cc+K)(Ct+K),.

again, employing the formula given in Eq. (1.6) and following formula (Slater 1966):

O R e

the following outcome was attained:

_ T () (c—b) T2 (a), (b),
(o) Z (c) k!

[hkj __.[a+m—1+k] @,
m m)/, m mJ,

[1 kj (m k}
+ el —+— 1] nl
© m m)/, m m)/,
“— (b k] [b+m—1 kj
—_— 4| | —+
g m m)/, m m J,

[c kj [c+m—1 kj
S N e
m m m m

summing up the series

_ I'(b)I"(c —b) < Z T (8), (b)),

I'(c) (c), k!
a+k a+m-1+k b+k b+m—-1+k 1
X me1 Fom m m m m 1,
c+k c+m-1+k 1+Kk m + k
R - T T
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and applying the formula given in the Eq. (3.12), we reached to final conclusion given in Eq.
(4.23)

By putting m = 1,2,3 in Eq. we subsequently get following new results:

O e

1 1-xy I'(c—a)

a +1 1 2
11 A~ A
[[ya-x"ta-yta-wyeF | 22 2 (y(l‘x)J dxdy
00

11
waf [y 1-x A= y) " 1-xy) *5F,
00

_I(h)(c-a-b)

I'(c-a)
and
a a+1 a+2 1
11 ) b . P R R T B 1 X
[[ya-xnra-yriaer (33 3308 [0 g
0% 12 1-xy
_1_11
33
& %+%'%+§'%+1’1 y(1-x)
al [ y"r@-x)"@Q-y) ™ *@-xy)°,F : dxd
+Hy( ) A-y) " L-xy) R > 4 (Hyj y
_’]_,_
3 3
+ (a)z j’j yb+2 (1_ X)b+1 (1_ y)c—b—l (l— Xy)—(c+1)
21 59
E+E’E+1’E+ﬂ’1 (1 X)
LF[37338 33 ;(y dedy

T(b)r(c—a—b)
~ I'(c-a)

The following theorem can be obtained using a similar procedure. Hence, they are
given without proof.
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Theorem 2: For m eN such thatm > 0 and $R(b) > 0 following result holds true:

a+k a+m-1+k

x (a)k bk bk-1 a-2h 1-a—b-k m m 1 -y(1-x) i
1- 1- 1- F V| — dxd
2 jjy e e e Ly ) |V
m' m

F(b)l“(l+ )F(1+a 2b)

@+ a)l“(1+ 5 bj

Form=1, 2,3
F(b)l“(1+ 2)r(1+ a—2b)

a’l . y(l_X):|dXd

b 1— b-1 1— c—b-1 1— l-a—b E :
Yy @=x)""A-y)" " @-xy) 21[1 1%y

O ey
O ey

ra+ a)l“[1+:—bj

|

O ey

Y A—x)"rA-y)* P A-xy) R, [

%5 (1001
»va " 1-xy
%+%,%+l,l . (y(l_X)Jz ey

13, U 1-xy

11
_aJ‘J' yb+1 (l— X)b—l (1_ y)a—2b (1_ Xy)l—a—b 5 F2 [
00

F(b)l“[1+ 2)1"(1+a 2b)

@+ a)l"(1+2—b)

Y L-x)" - ) P - xy) R

%%%’%ﬂs’l.(_ya—x)j "
%,23,1 L 1-xy d
Y+ VoYt %11 [_ y(l—x)js o
%%%”%”y{(_y(l—x) 3

4/ 5 1-x j dudy
V3 9t d

O —
O Sy

11
—a [y* (=% (W= y) " (- xy) ), F,
00

1
(Z_J' yb+1(1_ X)b+1 (1_ y)a—Zb (1_ Xy)—(a+b+l) A F3
0

r(b)r[u‘;)rm a—2b)

O e

r(L+ a)r(1+‘;‘—bj
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Theorem 3: For m eN such that m > 0 following result holds true:

a+k a+m-1+k

1 m
m_l(a)kzik“ bk bk-1 S(ab) 1(1‘a -b)-k m ' m ' y(1-x)
FL-x)"" T (1-y)? 1-x F : dxd
Dy Hy Q=g ) R T ) [
m' m

\/;F(;(a—bﬂ)j

g 1
F[Z(a+l)jl“[2(b+1)j

Form=1,2,3

J’r( (a- b+1)j

O ey

h -a-b ,1 —
[y a-x -y o) ﬁ i X)}dey=

2(1-xy) F@(aﬂ))l‘@(bﬂ)j,

11 Labay Lo an a 1a 11 — ?
[[ya-x=a-yn" a7 F 7292 ;[y(l X)j dxd
) 1 2(1-xy)

11 ——lab g 1a 111 — ?
o [[yra-xra-yr e TR, 7% o ;(—y(l X)] dxdy

234 1,% 1-xy

J’r[ (a- b+1)j
T 1

F(z(a+1)jl"(2(b+1)j

O ey
O ey

B Lasbm) a-ab)
yb(l_ X)b H1-y)? (L-xy) +F {

Wt WAL [y(l—X)T ixd
1,21 20 |

Yo+ Vs B+ P 1L (y(l—x)js iy
2% 2(1-xy)

o TR {%%’%H’%Ms’l = ﬂdxdy

+

N | o

|

O ey

%(a—b—l) ”(1 a-b)
yr1-x°1-y)  @-xy) LR {

I\J‘A

_!!yb+l(1 X)b+1(1 y) %’53,1 2(1-xy)

\/;F(;(a—bﬂ)j

r(;(aﬂ)Jr[;(bﬂ))
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Theorem 4: For m eN such that m > 0 following result holds true:

a+k a+m-1+k

m_l(a)kzikll 1-ark k-a b+a—2 1-b-k m m T yd-x) "
2 jjy X aF | T ,(Z(Hy)} dxdy
m' m
_ Nzr(l-a)rp+a-1)
2“r[b aj (1(b—a+1))
2 2) (2
Form=1, 2,3
¥ 1-a -a b+a-2 1-b a'l y(l—X):| \/_F(l a)r(b-l-a_l)
1-x)2(1- 1-xy)*,F, : dxdy = ,
!!y (L-X) "=y 1-xy) L )| -~ (2 ;J (;(b—aﬂ)j

1-a 1—x)2(1— b+a-2 1— 1-b F
A [ M i

33y 2’1;[y(1—><)j2]dxdy

2 ’

[ 2-a 1-a b+a-2 b iy—l_}/’a/{u' 1- ?
+%M‘y 1-x)" A=) (1-xy) 35{ 2 1,2%2 ;(Zy(g—x);))j ]dxdy

_ ~NzT(l-a)l(b+a-1)
z“r(b a) (1(b—a+1))
2 2) 2

yl—a (1_ X)—a (1_ y)b+a—2 (1_ Xy)l—b A F3

%’%*%%*23’1_[“1—)())3 T

Yy aw) [
y,l,y "\ 2(1-xy)

0 / //+1/ 3’1 (y(l X)J

/ .l 2(1-xy)

O ey
O ey

1
a -a -a +a— -
o Iy Ay ) R
0

+ i)zzl _([! y3—a (1_ X)Z—a (1_ y)b+a—2 (1_ Xy)

O ey

J_F(l a)l(b+a-1)

- a0 @ 1
82 Lo-a)
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Theorem 5: For m eN such that m > 0 following result holds true:

< 1 (a)k (C)k J‘J‘ yb+k (1_ X)b+kfl (1_ y)ZCfbfl (1_ Xy)172c7k
k=0 (2(a+b+1)) k1oo

k
a+k a+m-1+k c+k c+m-1+k

X ome1 Fom m m m m ; yia-x) dxdy
((a+b+1)/2)+k (a+b-1)/2)+k+m 1+Kk m+ Kk 1-xy
m LERRS] m ’ m [RRRE] m

- F(b)l“(Zc—b)F(;(a+b+1)Jl“[c—;(a+b—l)j

B 1 1 1 1
F(c)r(z(a+l)jr(2(c +1))F(c—2(a—l)jr(c—2(b—1))

Form=1, 2, 3

a,cl

yb (1_ X)b—l (1_ y)c—b—l (1_ Xy)l—Zc , Fz 1 . y(l_ X)

; dxdy
E(a+b+1),l 1-xy

O ey
O e

7 () (2c - b)l“( (a+b+1)) (c—;(a+b—1)j

- 1 1 !
F(c)FLz(aH)jF[Z(C +1)]FLC—z(a—l)jl"(c—z(b—l)j

.lfyb(l X)" (L= y)* A xy) e F %,%+%,%,%+%,1 '(Y(l_x)f dxdy
411/2(a+b+1) 1/2(a+b+1 ’ _
) (a2+ D (a2+ +)+%,%11 1-xy

O ey

ac tr b b b
o [[y -2 @-y>=*ta-x) ™
E(a+b+1) 00

X

%+%,%+L%+%,%+Ll _[y(l—x)]z iy

F
574 |1/2(a+b+1) 1/2(a+b+1) 3/
= +%,—+1,1,A

1-xy

ﬂF(b)F(Zc—b)r(;(a+b+1)jl“(c—;(a+b—1)]

- 1 1 1 1
F(C)F(Z(aﬂ)jr(z(c +1))F[c—2(a—1)j1“(c—2(b—1)j
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O ey

1
J‘ yb (1_ X)b—l (1_ y)ZC—b—l (1_ Xy)]__zC_k
0

095t 1o %5+ P o Tt o P ot (y(l—x)f iy

%7 Fs 1/2(a+b+1) l/2(a+b+l)+} 1/2(a+b+1)+2 }/ 2

3 3 3 3

o'—.»—\

I yb+1(1_ X)b (1_ y)Zc—b—l(l_ Xy)—Zc
= (a +b+1)00

HABHIBAHAESAS o]

x7Fs 1/2(a+b+1) 11/2(a+b+1) 21/2(a+b+l) 1/ / 1-xy
3 3 3 3 3 |

(a) (C)Z jj yb+2 (1_ X)b+l (1_ y)ZC—b—l (1_ Xy)—(20+1)

+
( (a+b+1)j 2!

RRBAB BRI oo,

“:Fs |1/2(a+b+1) 2 1/2(a+b+1) , 1/2(a+b+1) 4
+— +1 +—y 5
3 3’ 3 ’ 3 ’

nF(b)F(Zc—b)F@(a+b+1)jl“(c—;(a+b—l)j
- 1 1 1 1
F(C)F(z(aﬂ)jr(z(c +1)jr(c—Z(a—l)jr(c—z(b—l)j

IV.CONCLUSION

Using generalized hypergeometric functions, we have developed novel and intriguing
conclusions in this study that pertain to double integrals. This was accomplished by using the
Masjed-Jamei and Eslahchi generalization of the traditional summation theorem. These
formulas can be distinguished as master formulas due to the presence of m, from which a
significant number of intriguing formulas and outcomes can be obtained.
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