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l. INTRODUCTION

The concept of algebraic integers and polynomrajgiare the roots of ring theory
research. Zahlring was first used by David Hilbartt897. Rings that perform two binary
operations and satisfy certain requirements arewkn@as a set. If multiplication is
commutative, then the ring is as well. Rings thhat@mmutative are simpler to comprehend
than those that are not. David S. Dummit investidaings and commutative rings [1]. In [1-
4], many number kinds and their characteristicsewexamined. In the seventeenth and
eighteenth century, Fermat, Euler, Lagrange, andehére investigated the quadratic
residues of an integer. For factoring big numbard acoustical engineering, quadratic
residues are used. Finding quadratic residues ahtager and counting them is simple.
However, it is not possible to count the quadreggidues of a commutative ring in the same
way as an integer. We utilized residue propertfesommutative chain or non-chain rings to
graphs in order to put the transition from ringdheto graph theory. In [7], graphs and their
byproducts, such as cartesian, lexiographic, tersat strong products, were investigated. If
the squares of vertices x and y under mod n aresdmae, Rezaei [6] constructed
graphs whose points x and y belong to two diffesants nearby and whose vertex set is a
reduced residue system mod n. In [8], graphic cstdéctures were found. The quadratic
residues and non-residues from a commutative riggvZ,+w’Zy+...+w<'z, w*!, p=2, 3
are studied in this article. We discover the genéirmula to count the ring's quadratic
residues. We learned about various regular graphns the ring's residue feature.

[I. PRELIMINARIES
In this section, we look into certain basic ringahy and graph theory ideas.

1. The mathematical equivalent of a collection of weigobjects is a set. Any sort of
mathematical object, including numbers, symbotsdj points in space, other geometric
structures, variables, or even other sets, cambaba set's elements or members.

2. A group is a nonempty set S with the binary operatt : SxS— S satisfying the axioms
listed below:
* Closure: if $,9€ S, then g € S.
» Associativity: $* (* ) = (s* &) * ssfor all 5, $, K€ S.
» Identity: there is an elementeeS, like that g e = ex 5 = § for all g€ S.
* Inverse: for each elementssS, there is an elemenissS like that s« s, = e = s+ 5.

3. Agroup S is alleged to be abelian (or commutatifve)<s, = $xs; for all 5, S€ S.
Example: 2.1

Is an addition-based abelian group. Having the rigir@perations + and %, a ring is a
nonempty set R that satisfies the following opersi

A group that is abelian is (i) (R, +).

It is monoid in (i) (R, X).
Addition is governed by distributive Isam (iii) (R, x).
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If ring R maintains commutativity when multiplieitljs referred to as a commutative ring.

If every element of R has a multiplicative inversieen R is a field of a unity-
containing commutative ring.

To have the ability to able to obtain graphs frasmenutative ring, we must to know
certain fundamentals of graph theory.

The study of mathematical models used to depiat wae relationships between
objects is known as graph theory. A graph is a srattical structure made up of a set of
lines linking various pairs of vertices, some ofiethmay be empty, and a collection of
points called vertices. It's possible that the edggl be directed or oriented. The lines are
referred to as arcs or edges depending on whédtbgrare directed or undirected. Let G= (V,
E) being a graph, where V the collection of allti&s and E= {(x is close to y /x and y are
vertices of V}.

A graph that is simple is one in which there isyoohe edge connecting any two
vertices. And no edge begins or finishes at theeseentex. To put it another way, a simple
graph is one that has few loops and edges. Twaicgsrare considered to be close by if an
edge (arc) links them..Each vertex in a directegblgrhas a direction attached to it, in
addition to the vertices have connections by edges.

Edges are typically shown by arrows pointing in thection that the graph can be
traversed. The edges of an undirected graph aiesttidnal and have no corresponding
orientation. As a result, there are two ways tongra the graph. The graph is undirected
because there isn't an arrow in it. Every pair eftiges in a graph must be connected by
exactly one edge for it to be considered complete.

* A complete graph with exactly 'n' vertices contaractly nG edges.
* K, stands for a complete graph with 'n* vertices.

Example: 2.2

Figure: 1 Kg
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lll. QUADRATIC RESIDUES

In this section, we examine the ring's componentspastructural details R
=ZptWZy W2t ... +WZ, W, p=2, 3.

The ring's quadratic residues and quadratic noiduwes were identified. If there is an
integer x such that>e g (mod n), then an integer q is referred to asadratic residue of n
in number theory. Otherwise, q is referred to geadratic n-residue.

Example: 2.3
Let Z:={0, 1, 2, 3, 4, 5, and 6}.
Since all the elements of commutative ringhdve multiplicative inverse,zZs a field.
1>=1(mod 7), 2=4(mod 7)
3?=2 (mod 7), 4=2 (mod 7), 5=4 (mod 7), 6=1 (mod 7).
Therefore, quadratic residues 6E41, 2, 4}
1. Quadratic Residues ovepy= Zo+o Zy+a> Zo+... 405172, of=1
Considei= Zo+aZo+o? Zo+.... +a€t Z, of=1 where 2= {0, 1}.
Every element of By it looks like a+lo+co® +....+z0 Here a, b, z € Z,.

An element of referred to as a quadratic residue;afs y (moda*=1)

Take over the ringfs. - Zo+aZ,= {0,1, 0,1+0}, o®=1.sinces, satisfy the
commutative ring properties; is a commutative ring. The set of all quadratgidee of
B,ist, ={1,0} and the set of all quadratic non-residu¢s,t+u}. Let £ 3= Zo+ 0Zy+a’Z,,
o’=1 is a commutative rin@s= {0,1, a,1+a, 0,1+ o, o+ o, 1+ a+ o’}

Quadratic residues =p s.Let ps= Zo+aZo+o’Zo+ o Z, o’=1.
p+={0,1, a,1+a, o2, 1+ 02, a+ o2, 1+o+a?, o, 1+0°, a+ o, 1+o+a, o
o?+0, 1+ o+ o+a’}

2 3

+a3,1+ o240l , o+

Residues of, is i,={0,1+ o, 1+o+0?, 1+a+o’}
Let Bs= Zz+(122+(1222+ (1322"‘ (1422, (15:1.“’1 this ringr'5= Bs.

By proceeding in this manner, we are able to obthe commutative ring's
elements and quadratic residues@ +o? Z+....+a'Z, where o*=1.
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Theorem: 3.1

Let = Zota Zo+a® Zo+.... o Z, o¥=1 be a commutative ring.Then the number
of quadratic residues off
_ {k, of = 1 and k is even number
B 2K ok = 1 and kis odd number

2. Quadratic Residues ovelT3=Zz+pZs+p?Zs+.... +p* 25 p =1

We investigate the structural features of the simghstituent pieces in this
section.Z+pZs+p?Zs+.... #p*'Z5 B*=1.

Consider &= Zs+pZs+p*Zs+.... #<'Z5s B*=1 where Z={0,1,2}.
Every element t of Tis of the form a+p+cp® +....+z8** Here a,b,c,..EZ5

Consider the ring, {o=Z3+pZs, p*=1.
2={0,1,8,1+3,28,1+28,2,24B,2+2 }

Since T, satisfy the commutative ring properties,,Tis a commutative ring.
The set of all quadratic residue of the ringis{1,2+23,2+3 }and the set of all
guadratic non-residues ={f,1+3,28,1+25,2 }.

Let T3 3 = Zs+ PZa+ p*Zsp *=1 is a commutative ring.

={0,1,23,28,1+B,2+B,1+2,2+2B,B°, 14 2,2+B2,B+B2,2B+Bz,1+B+B2,2+B+Bz,l+2§+[32,2+2
B+B%2B°,  1+B%2+2B% B+2p2 2B+2B% 1+B+2B% 2+B+2B% 1+ 2B +2p%, 2+P+2p° }

Quadratic residueis={ 0,1,p% 1+23+B2 2p+2p% 2+2B, 2+% L+B+p% B, 2+3+f7 1+3+2p>
N

LetTs 4 = Zg+PZa+B°Za+ B° Zs B'=1.

={0,1,28,28,1+B,2+B,1+2,2+2BB°, 1+p% 2+ B, B+ p*, 2B+

e, 1+p+ 2,2+[3+[32,1+%3+[32,2+%3+ p2,2p% 1+2

B, 242" p+2B", 2+ 2° 14p+2p° 24p+2B° 14 0B+ 28°, 2+ 8+2B° B°, 14B° 245" B+B°, 2B+,
L+B+B°, 24B+P°, 1+ 2B+p°% 2+ 2B+p° po+(°, L+p%+B°, 2487+ B+P°+B°, 28+B%+B°, 148 +B%+P°,
2+B+£32+ 1+ 2B+Pe+P> 2+ 2B +B2+B> 2B%+P°, L+ 2B%+P3 2+ 2p2+B> p+2p2+p13 2B+ 2% +p° 1+
B+2B%+B%, 24B+2B°+B°, 1+2B+2p%+(°, 2+ 2B+28%+p°, 2% 1+2p°, 2+ 28° p+28° 28+28°, 14+

2%, 24p+2p° 1+2B+2B°, 24242’ p+2B", 145°428°, 24B"+2B° B4+ 2B, 2B+

B2+2p3 1+p+ EZ+2 3 2+p+ P +2B° 1+2B+ PZ+2 3 2+2p+ PZ+2 ° 2B%+2p° 1+2p2+2p° 2+2
[32+2[33,[3+2[3 +2£3 2B+2 B+237,143+2 B7+2B°,2+3+2 B+2B7, 1+ B+2

B?+28° 2+ 2B+2p+2p° }

Residuesf T34 is

©a={B°,2+28°, 1+2B" 1 145°+ 287, 14B°4+B°, 1+ 2B+ ° 2B+2B"+ 2, 2+ 98+2B°+B°, 145 +°,
Br2B°Hp°, 246" p+2B7, 2B +B7, 1+ 2B+B7 242428 1+ p+B*+2° 24B+P°, L4P+B ™+, 24P +2
p*+2p%
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By proceeding in this manner, we are able to oliteencommutative ring's
elements and quadratic residuesfZZs+> Zs+....+**z5 p*=1.
Theorem: 3.2

Let Ty = = Zg+P Za+p® Zs+...+B“" Z3 =1 be a commutative ring. Then, the total number of
. . 2Kk —1,ifpk =1,k =2

quadratic residues af=={ _, ok . L
2+ 1, if ¥ =1,k > 2 and k is positive integer

IV. QUADRATIC RESIDUE GRAPH OVER R =Zp+w Zy+W? Zy+....+w<? Z, wk=1

A simple graph G is a graph with quadratic resid@g§ 7] using an edge set E and a
vertex set V where

V(Gr)={x €Zq/(x,n)=1 and x<n} and E(J ={xy/x,y€V(Gnand X=y* (mod n)}
Let 71,={0,1,2,3,4,5,6,7,8,9,10,11}
V(G12)={0,1,2,3,4,5,6,7,8,9,10,11}

Here, £=5’=7°=11=1(mod 12),3=4°=8’=10’=4 (mod 12),3= 9=9(mod 12), 6= 6=0(mod
12)

d-
$.

8
o

11 7 10 g
Figure 2:G (Z12)

In this section, we study about quadratic residaply over &+w Z|0+W2 Zpt... Awt
Zy yv"zl, p=2 or 3.if their vertex sets are reduced resislystems mod‘w1.
V(G)={a € R}

E(G)={x is adjacent to y/x,& V(G) and ¥=y?* (mod w=1)}.Here,w ‘s are congruent
under wW=1 and element of Zare congruent under modulo p in the product amtitiad of
polynomials oveR.

Throughout this paper, we consider G is undiregtegh only.
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Theorem: 4.1

Let G B« = (V, E), be a quadratic residue graph wheredvien .Then the graph is k types
of complete graph and |V[52

Example: 4.1
Let 8 4= ZotaZota’Zo+ o Zp, o=1.
This is commutative ring has four quadratic resgdiveelve quadratic non residues.

The graph generated by the rifig is a Quadratic residue graph which has the
following vertices and edges:

2 3

V(B4 ={0,1, a,1+q, o, 1+ o2, o+0?, 1+o+02, o, 1+, ot oo, 1+o+o’, o+, 1+ o’+o’, a+
o?+0, 1+ o+ o+a’}

E@ 2)={(0,1+0%) ,(0,1+a +a** 0¥),(1+a? 1+a+a** o), (a? a+a’ o)L 1+a + o

3,1, 09),(1, 1+o®+a®),(o+ a®+o®, 1+a+ 0 ), (a2 1+a+a?),(a, o), (o, 1+a’* o), (@,1+o

+0?), (@31+a**ad), Q+ta+o’l+a®od),(a 1+a+a?),(a+a? a+a), (@+a? a®+

ad),@+a’1+0),1+0> a®* o), (a+a’l+a), (@ +a’l+ad),@+a® a+a’),1+a 0’ a

3),((1 +a3 0%+ a3), (a +a2,1+a)}

Quadratic Binary Residue Graph is given below:

1 1+a+a?
2
a +o+a
a? 2403
atalta
a3 1+02+a3
0 a+al
1+a 1+g3
R
1+a? 1+ota’+d’ aZ+g? a+a’

Figure 3:G (B 4)
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Theorem: 4.2

Let G (Tx) =(V,E), be a graph of quadratic residue. The lgregpthen one of three
types of complete graphs with [V[=3

Example: 4.2
Let T34 = Zs+BZs+p?Za+ B Z5, po=1.

It is a commutative ternary ring with eighty oneraknts .Quadratic residue graph
obtained from the ring with the following vertices.

V(T34) ={0,1,2,B,2B,1+3,2+0,1+2p,2+2B,B°, 1 +B%, 2+B7,
B+B%,2B+B% 1+B+P%, 24B+B% 1+ 2B+B% 2+ 2P+
B?,2B°, 1+ 28%, 2+ 28% B+28° 28+ 287 1+B+2p% 2+B+2B%, 1+ 28+2% 2+ 28+2p% }

Quadratic Ternary Residue Graph OverT 3 is shown below:

1+|3 [ .2+2|3 1+2|3+I31 [ 9 2+|3+2|32
2+ [+ @ 1+2p+2p2 2+2p+p2 @ ° 1+p+2p2
2 @ ol |-):'2 é & 2|}2
B @ I 2p+2p @ o b+h’
2+2p’ @ ® 1+p?
2+
0
p+2p2 1+28
2|3+|31 2+B
e 1o
1+2p?

Figure 3: G (T3 4)
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CONCLUSION

We describe the structure of quadratic residues commutative ring in this study.

Complete graphs were found in the ring by usingladgic ideas to graph theory. The author
hopes to expand the work to include the encodirdy dgecoding of commutative rings in
future research.
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