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I. INTRODUCTION

The powers of an ideal has been extensively studied in order to define classical
notions in commutative ring theory and algebraic geometry. For example, the Rees algebra
R(I) = @,-¢I" and the Symmetric algebra S(I), where R is a commutative ring with
identity and I is an ideal of R. The applications of such algebras are determined the moving
curve of ideals and its relation to adjoint curve [3].

If I = (xq,...,x,), then the Rees algebra of an ideals is defined as the quotient of
polynomial ring in n-variables as follows: a graded epimorphism ¢: R[Xy, ..., X,] = R(I)
such that X; — x; , where x; € I whose kernel is the ideal Q of R[X1, ..., X,,] generated by the
homogeneous polynomials f (X, ..., X,,) such that f(xy,...,x,) = 0. The generators of the
keriip) is called equation of the Rees algebra. The least integer N > 1 such that Q = Q(N)
is called the relation type of I, where Q(N) is the ideal generated by homogeneous
polynomial R[X;, ..., X, ] of degree at most N. It is denoted by rt(I). It can also defined by
the universal property of the Symmetric algebra. Consider R™ — [ induces an epimorphism
R[X,...,X,] = S(R™) — S(I). So that kernel is the ideal Q(1) of R[Xj, ..., X,,] generated by
the linear forms Y., b;X; such that ¥'7"_; b;x; = 0, where b; € R. Hence Q(1) is contained in
Q and equality hold if S(I) is isomorphic to R(I). An ideal I is said be of linear type if
Q(1) = Q. Therefore rt(1) is independent of the set of generators of an ideal.

The connection between the Rees algebra R(I/) and the reduction of ideals, the
symmetric algebra S(I) have an important role in algebraic geometry. From geometric point
of view it would be interesting that Proji¢r): ProjifR (1)) — Proji(iS(1)) is an isomorphism,
where I is a n regular sequence, a:R(I) — (S(I)) [1] and reduction number shows that
analytically independent element and minimal generating set of the Rees algebra R(I) [8].
These results give to the study of relation between the maximal minor of the generic matrix
and generator of ideal, almost complete intersection ideals, projective dimension, reduction
number. In [2] author investigated the results when S(I) and R(I) are isomorphic if and only
if normal cone and normal bundle to the closed sub scheme speci{R/I) in spec{R) are
isomorphic. If I is of linear type, then I is minimal reduction itself [11]. There are many
algebraist to discuss the results see [1], [2], [3], [4]. [6], [7], [8]. This paper is based on work
of Valla on Rees algebra of an ideal, analytically independent element and begins the study of
equation of the Rees algebra.

Il. MAIN RESULTS

Definition 2.1: For the Noetherian local ring (R, m), the fiber cone of I,

RO _ i
mR() ®.

= mn’

Fi(R) =

Definition 2.2: The elements x4, ..., x,, € I are said to be analytically independent in I, if for
any homogeneous polynomial f(Xy,...,X,) € R[Xy,...,X,] of degree r, the condition
f (x4, ..., x,) € mI” implies that all the coefficients of (X1, ..., X,,) are in m.

Theorem 2.3: Let (R,m) be a Noetherian local ring and I be an ideal of R. Suppose
X1, -, X, are analytically independent in I. Then:
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e The elements x4, ..., x,, are minimally generate (x, ..., x,,).

o If (y1, ., ) = (xq, ..., x,), then yy, ..., y, are analytically independent.

o If J=(xy,...,x,), then F;(R) is isomorphic to a polynomial ring in n variable over
R/m.

Proof (1) We have to show that {x7, ..., x,,} is a basis of vector space J/mJ over R/m, where
Xi=x;+mJ,] = (xq,..,x,),i =1,..,n Let x € ] such that
n

X = z a;x;, where a; € R.

Therefore, x generates |
Claim: {x7, ..., x,,} is a linear independent set over R/m.
n

> am=mj.

i=1
n

z a;x; + mj =m/.

i=1

z a;x; EmJ € ml.

i=1

3

Since xy, ..., x,, are analytically independent in 1, the polynomial f (X3, ..., X;) = a1 X1 + - +
a, X, of degree one with coefficient of f(X, ..., X,,) are in m. Therefore, @; = a; + m = 0.
So that {x7, ..., x,, } is a basis.

1. Let J=(xq,....,x,) &I and f(xq,..,x,) EmJ" for polynomial f(Xy,..,X,) €
R[Xy, ..., X,,] with degifif) = r. Note that f (x4, ..., x,,) € mJ” € ml". Since xy, ..., x,, are
analytically independent in I, all the coefficient of polynomial f(Xy,...,X,) are in m.
Therefore, x4, ...,x, are analytically independent in J = (y4,...,¥,) and yy,...,y, are
analytically independent element.

2. Consider the R/m - algebra homomorphism g: R/m[X, ..., X, ] = F;(R) such that

T r

i1 in — —_— 11 12 ln
g Z ai1iz...inX1 Xn = é Qi iy X Xy e X

i1+ig+-+ip=0 i1+ig+-+ip=0

Then g is onto. By using fundamental theorem of R /m - algebra homomorphism

R/m[X1,..Xn] _
e = F;(R), where
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T

kerilg) = Z ailiz._.inXil ...X,il” |

i1 +ig+tin, =0

T

9 Z ailiz...inxil Xy | =0

i1 +ig+tin =0

Since x4, ...,x, are analytically independent in J, the polynomial f(Xy,..,X,) €
R[Xy,...,X,] with degiff) = r such that f(xy,..,x,) € m/” with all the coefficient of
polynomial f(Xj, ..., X,) are in m for r = 1. Therefore Y\ ,; ...4; —o al-ll-z__l-nX{1 XM =0
and keriflg) = 0. Hence /m[X;, ..., X,,] = F;(R).

Proposition 2.4: Let R be a Noetherian ring, I c R be an ideal of R. Suppose A is a flat R-

algebra. Then
R(D A=R (1 u‘l)
Q4=

Proof. Consider the short exact sequence of algebras
0 — Kerifig) — S(I) - R(I) — 0

Since A is a flat R-algebra,

O—>Ker‘§2@g)®Jl—>S(I)®Jl—>R(I)®Jl—>O
R R R

Note that Keriflg)®rA = Kerifig®ids) and S(HQ@rA = SUQrA). So that
commutative diagram with exact rows.

0 —— Ker(g) QA —— SU)QR®QrA —— RI)QrA

l l l

0 —— Ker(gQ@ids) —— SUQprA) —— Ra(IQRrA)

Hence R(N®rA = R(IQrA)

Proposition 2.5: Let R be a ring, Q = kerip) and Q) = {f € kerifip) | degilf) < r},
where ¢: R[Xq, ..., X,,] — R(I). Then
Q(Q) c Q(l) c Q(Z) Q(T) ... and U Q(r) = ker(q_'))
r=0

Proof: Let ¢: R[X1, ..., X,] — R(I) such that
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m m
¢ Z ailiz___inXlil ...X,il” = Z ail_._inxilxéz ...x,il".
i1+ip toin =0 i1+ip Ftin =0
¢Y) Q) ={ai,.0lai,...0 € R| deg(f) = 0}.
) Quy = {f € ker(¢) | deg(f) <1}
= {ai .0+ @iy .0X1 + @iy, (Xn iy 0}
(3) Q) = {f €ker(p) | deg(f) < 2} = i 4y 4-tiy=2iyiy..ip X1 Xy X

Qo ={ao.0, a0..0 + i, oX1 + aiyo.0X2 + ag_i, Xu,

i1 viz in § i1 yi2 in
Z alllzlnxl XZ "'Xn ) alllzlnxl XZ ...Xn

i1+ig+-+ip=r—1 i1+ig+-+ip=r

By (1), (2), (3),... (4),..., we can observe that Q oy € Q1) € Q(2) - Q) - Since ker¢
is a graded ring, U, > Q- = keriip).

Theorem 2.6: Let R be a Noetherian ring and I = (x4, ..., x,,) be an ideal of R. Suppose

Ty, T,, ..., T, are variables over R. Consider a map ¢: R[Ty, ..., T,] — R(I) with ¢(T;) = x;.

Let Q(1) be the sub ideal of kerifip) generated by all homogeneous elements of degree 1. Let
A ¢ .

R™ 5 R" 51— 0 be a presentation of I, where 4 = [a;] and T = [Ty, ..., Tyl1isn

mxn

matrix and L be the ideal generated by the entries of the matrix TA that vanish after
subsituation T; — x;. Then Q(1) = L.

Proof: Note that Q(1) = {a4Ty + -+ a,,T, | a1x1 ... + a,x, = 0; x; € I}. Define

ayr Q2 Qi
a1 Az dopm
TA = [Tl, ---:Tn]lxn .
An1 An2* Aaml,xm

TA = [a11T1 + a21T2 + -+ aann,alle + azle + -+ anzTn,almTl + azmTz + -+
apm Ty, 1. This implies that L is ideal of R[Ty, Ty, ..., T,,] defined by L =< a1 Ty + a1 T, +
R aann, a12T1 + a22T1 + -+ anzTn, a1mT1 + aZmTz + -+ aann >,

Claim: L = Q(1).
Let x € L such that = yl(anTl + a21T2 + -+ aann) + yz(a12T1 + azle + o+

anZTn) + et yn(almTl + aZmTZ i i Tn)-

Therefore x = (y1a11 + a2y2 + -+ Ay Vi )T1 + (V1021 + Y2020 + - + Y A2 ) T2 +

ot (1ap1 + Y2an2 + 0 F Y @ )T, Take a; = YL a;;y;. Since a;; € R, a;;y; € R.
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Thenx = a; Ty + a,T, -+ + a,T,,. By assumption of L,

a1 x; +azx; +--+a,x, =0

This implies that x € Q(1).
Conversely, A = [aii]nxm' Let x € Q(1). Thenx = a;T; + -+ a,, T,. Since a;x; + -+ +
a,x, =0,(ay,..,a,) € kerifp) = Imii¢A),

ain A4z ama
Q12 Q2 QAn2
Where ImifiA) = [2123 ... Zpm |1xm :
Aim  A2m " Aum iy «p

= [Z1a11 + VAXAY) + -4+ Zm A1mZ10421 + Zy0Apo + -+ Zm Aoy - Z1Ap1 + ZyAyn2 + .-+

zmanmlxn.

So that a, = z1aq1 + zpa49 + -+ Z a1,
Ay = Z101 + ZpQyy + -+ Zp Qo

Ay = Z10y1 + 220y + -+ Zp Qi

By (1), We can write [Z1a11 + z,aqp + -+ Zmalm]xl + [Z1a21 + zyay, + -+
Zy Qo %0 + -+ [21001 + 2205 + -+ + Zp @y | X, = 0.

This Imp|IeS that Zl(alxll + az1Xy + -+ anlxn) + Zz(alle + Ay X + -+ anz) +
otz (Agmxy + o+ Ay x,) = 0. Therefore x € L.

Example 2.7: Consider thering R = k[X,Y,Z] and ideal I = (XY,YZ,XZ) of R, where k isa
field. Then the Rees algebra of I,
k[Xy,X5,X3,x,9,2
R(I) = [X1,X2,X3,%,,2]
< XX, —YX3,ZX, —YX3 >

,rt() =1

Proof: By using singular software, the Rees algebra of (I):
LIB" reesclos.lib";
ring'R = 0, (X,Y,Z),dp
ideal I = XY,YZ,XZ,
list L = ReesAlgebra (I);
def Rees = L[1]
set ring Rees;
Rees;
ker;
kerifl] = X X, — Y X3,
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