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APPLICATION OF RAJ TRANSFORM FOR SOLVING
MATHEMATICAL MODELSOCCURRING IN
HEALTH SCIENCE AND BIOTECHNOLOGY

Abstract

A lot of mathematical models including differetmtequations play an important role
in healthcare and biotechnology. One of them is Mathus model. This model was
developed by Thomas Malthus in his essay on wasftufation growth and resource supply.
Another exciting equation is the Advection diffusiequation and the Predator-prey model.
We use an integral transform modified Sumudu t@amnsfcalled as Raj transform to obtain
the solutions of these models which are importatiotechnology and health sciences.

Keywords: Mathematical Models in biotechnology; Raj transforintegral transform;
Malthus model; Predator-Prey model; Logistic mo@sistem of differential equations.
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. INTRODUCTION

Mathematical models are of much importance in thénazation of the performance
of the biotechnological process. Here we discussvtyr law (Malthus equation), logistic
model and Predator Prey model.

Population is always modeled by growth law or défgial equations, for the
populationu = u( t) of insects in the tube at a time t. For that Madtimodel is used, which
is

da
—Zit) =ru(t).

Meaning of this law is growth rate is proportiortal current population and the
proportionality constant r is intrinsic growth raiy using variable separable method we can
obtain its solution as.(t) = u(0)e™. From this equation we can conclude that the gafph
population is increasing exponentially. This modakasonable in early stage.

But as the resources like food, space and oth&srfaare limited; there is competition
for these resources the growth of population da¢dallow the exponential equation. So the
Malthus model is replaced by logistic model.

du(t) u(t)
4 r u(t) (1 - T) (11)

Where K is carrying capacity, which means that las population grows and
approaches to K then the growth approaches to aedothere is limit to the growth. To
obtain solution of these problems we use Raj tansf

This transform is modified version of Sumudu tramsf.. Raj C. Jesuraj and A
Rajkumar modified the Sumudu transform and obtaiRa@transform in 2020[1]. Sumudu
transform is developed by Watugala in 1993 [5].

Serdal Pamuk and Nagihan Saylu [2] used Laplagesfisen method for logistic
growth in a population and predator models. Theeratdtion between predator and prey
commonly occurs among the bacterial species anzwa. Hence the predator prey model
is important model. Khakale and Patil [3] developed introduced new integral transform
called as Soham transform in 2021. Further Kushgreleveloped new integral transform
Kushare transform recently. Patil with coauthors/ [8 used Kushare transform, general
transform and Soham transform for solving modelsdalth science and biotechnology.

This paper is organized as follows: Introductionnidirst section. Second section is
devoted to the useful results and formulae whichanee using to solve models. Logistic
growth model which is important model in Healthecaciences is solved in third section.
Fourth section is for Predator Prey Model. Appimas and results are in fifth section and
conclusion is in sixth section.
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. USEFUL RESULTSAND FORMULAE

In this section we include some required defimisio some useful formulae and
theorems based on Raj transform.

Definition: The Raj transform of the functigf(t) is defined as

RIFDY = J; f () et (2.1)

where t is in between zero and infiniy< k; <t <k, herek, andk, are either
finite or infinite..

Raj transform of some standard functions

Sr. Function .
No. (1) Raj transform of f(t)R{f(t)}
1 1 1
2 ¢ 1
S
2!
2
3 t =
I
4 £ s
Sn
5 e >
s—a
) as
6 sin at 1 a2
2
7 cos at S
s2 + a2
) as
8 sinh at m
2
9 cosh at 5
SZ — aZ

1. RAJ TRANSFORM FORLOGISTIC GROWTH MODEL

Consider the Logistic growth model equation
du

U — f(w),u(0) = u, (3.1)
Heref is nonlinear function of u. Suppose that soluti@f equation (3.1) is of the

infinite power series as follows,
u =u(t) = Ypzo ant" (3.2)
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Further (3.2) also satisfies the conditions fa éxistence of Raj transform. Applying
Raj transform on the both sides of the equatioh) (®e get
SR(s) — su(0) = R(s) — F(s) (3.3)

WhereR(s) = R[u(t)] andF(s) =R [f(u(t))] are the Raj transform of the
functionsu(t) andf (u(t)) respectively.

Rearranging the terms in equation 3.3 we get,
R(s) = S _ f©) (3.4)

s—1 s—1
If we supposeg (u) = u? then

o) 2
fQu) = (2 antn>

n=0
= (ag+ at + a,t? + ... a,t™)?
= o + 2apa,t + (2aga, + a2)t?> + (2agas + 2a.a,)t3 + -+ 3.5
0 o“1 0“2 1 0“3 142

Taking Raj transform on both sides of equation3.3,

F(s) = ag® + 200, + (2aqa, + alz)si2 + (2aqa; + 2a1a2)S£3+ .........
2
sF E5)1 = 5(10—51) sg?soili)  (2aga; + “12)52(25— )
+ (2aqa; + 2a1a2)s4(s6—s_1) + o
We apply the method of partial fractions to thertein R.H.S. of the above equation,
. 555)1 = i T a2 + 2apa; + 4aga, + 2a,%+ 12 agaz + 12 aa; ... |

- [aaz + 2 aoal + 4’ aoaz + 2 alz + 12 a0a3 + 12 a1a3 ...... ]
1
- ;[2 a0a1 + 4‘ aoaz + 2 alz + 12 a0a3 + 12 a1a3““]

1
- E_'[4‘a0a2'+ 2 alz +‘ 12 (10a3 +‘ 12 a1a3 ......... ]
1
_3[ 12 a0a3 + 12 a1a3 .....] T aea

S

Applying the inverse Raj transform to both sidels the above equation and
rearranging the terms we get.

2 6

ay? a)® aga; 2aya
_ [t ' (%+ >t ' (%+ o +$) tz] o

t? 3
u(t) = u0(1+t+ —+—+---...>
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2 Uy @’ 2
sut) =ug+ (ug— ap)t+ | —— —— apaq |t

2 2
2
Uy Qg aopaq en]2%)
+|{—— —— - 2 t3
(6 6 3 3 )

If we takeu, = 2 and compare with 3.2 we obt
a0=2, a1=_2,a2=3, Az = — — ...

Therefore,
13
u(t) = 2 — 2t + 3t? — ?t"’

It is required solution and the graph of this soluts

'I':*_;',.' Figure 1

Graph of time verses population
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This figure 1 is graph showing that how populatmina species changes whel
hazard function is acting in life of the spec

From graph we camonclude that, if there is more competition in ldad more
hazards then the population decreases. Here féti)sthazard function is taken as squar
the population that means more hazard, so popaolafithe insect reaches to zero in less 1
one unit interval of time.
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V. RAJ TRANSFORM FOR PREDATOR PREY MODEL

The interaction between two species and theirceften each other is called as
predator prey relationship. In this one speciefeésling on the other species. An organism
that eats or hunts other organism as food is caltedredator and an organism that is killed
by other organism for food is called as prey. Box rabbit, lion and zebra are examples of
predator and prey. This concept of predator prayoisonly applicable for animals but it is
applicable for plants also. Grasshopper and gahiexample of this.

Consider the system

%zu—f(u,v) 4.2

== plgwv) - v] (4.2)

with initial conditionsu(0) = u, andv(0) = v,, f andg are nonlinear functions of
u and v.p is a positive constant. Let u and v. be the sohgtiof this system, which are
infinite series of the formu = u(t) = Y g a,t™ v = v(t) = Yoo bnt™ and they both also
satisfy the required conditions for existence off tRensform.

Applying Raj transform to both sides of the equadid.1 and 4.2.

R (%) = R(w) — R[f (u,v)]

d
R(Z) = AR lgwv)] = R(»)]

Using the Raj transform of derivative theorem
s( U(s)) — su(0) = U(s) — F(s)
sv(s)— sv(0) = BG(s) — Bv(s)

where,

Rlu(®)] = U(s),

Rlv(D)] =V(s),

R[f( u(t),v(t))] = F(s) and
R[g(u(t),v(t))] = G(s)

Rearranging the terms and simplifying we get

Uts) = uosil_ SFES)l
and

s G(s)
Vis) = v°s+ﬂ+ p s+p

Applying inverse Raj transform

u(t) = uget — R 1! (g) (4.3)
G
v(t) = voe PE+ BR <%> (4.4)
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These equations 4.3 and 4.4 represent the solotithre system of equations 4.1 and 42.
V. APPLICATIONSAND RESULTS

In this section we use results in above sectiosoloe some systems of differential
equations arising in biotechnology and health ¢drsees.

Example: 1. Consider the system of differential equations,
L (5.1)

?
v
L uw-—v (5.2)
With initial conditions
u(0) = 1.3, v(0) = 0.6

Suppose,
U= oant™ ,v=72,_,b,t" Dbe solution of the system of equations (5.1) @n2).
~uv = aghy + (aghy + ajby)t + (agh, + a by + a,by)t?
+ (aghs + a1b, + azby + asby)t® + -+

Applying Raj transform,
R(uv) = aObOR(l) + (a0b1 + albo)R(t) + (aObZ + a1b1 + azbO)R(tZ)
+ (aghs + a;b, + ayb; + azhg)R(t3) + ---.

1 2
o R(uV) = aobo + (a0b1 + albo); + (aobz + a1b1 + azbo)s_z

6
+ (aohs + aib; + azby +azh) 5+ .

Suppos&k (uv) = F(s) = G(s)
By previous section we have

UGs) = ug s F(s)

Lg‘— 1 s-1
~U(s)= 1.3——
s—1
agbg 4 agb, + a,b, agb, + a;b; + a,b,
s—1 s(s—1) s2(s—1)
p agbs + a;b, + a,b; + asb,

s3(s—1)

Rearranging the terms

2 UGs) = 1.3——

’ 1aobos (agh, + a,by)s (agh, + a;b; + a,by)s
B [s(s -1) s2(s—1) s3(s—1)
6 (a obs + a1b, + a,by + azby)s
st(s—1)
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Applying partial fraction and rearranging terms
S
U(s) = 1.3——
s—1
s 1 s
- [aobo (S _ 1 - 1) + (aobz + albo) (_1 - ;‘I‘ s — 1)

1 1 S
+2(agb, + asb; + a,b (—1————+ )
(aghy + a;by, + azby) s 2 5_1

17171 s
6 (abs + a.b b + ab (—1—————— )]
+ 6 (aghs + a;b, + a,b; + asby) ST 2 53+S_1 +

Applying inverse Raj transform
2
u(t) = 1.3 + (13 - aobo)t + (13 - aobo - a0b1 - albo)% + (13 - aobo -
t3
aobl - albo - aobz - albl - azbo)z + s (53)

Similarly we can obtain
2
v(t) = 0.6 + (aobo - O.6)t + (0.6. - aobo + aobl + albo)% + (_0.6. + aobo - aobl -
3
aiby + aoby + aihy + azbo) =+ .. (5.4)

From equation (5.3)
ant™ = 13+ (13.— agho)t + (1.3.— aobo — aohy — asbo)

n=0
3

t
+ (1.3. - aobo - aobl - albo - aobz - albl - azbo)g + Iy
Henceao = 1.3a1 =1.3.— aobo
a, = 1.3.— aobo - a0b1 - a1b0
a3 == 1.3. - aobo - aobl - a1b0 - aobz - albl - azbo grrsaaans

From equation 5.4
d 2

t
Z bntn == 0.6 + (aobo - 06)t + (06 - aobo + a0b1 + albo)?

n=0
3

t
+ (=0.6.+ agby — aghy — a;by + agh, + a;by + azbo)g + ..
Hencebo = 06b1 = aobo — 0.6
bz == 0.6. - aobo + aobl + a1b0
b; = —0.6.+ agby — agb; — abg + agb, + a;by + azby ..........

Obtaining the values of, ,a; ,a, ,as ...... by ,by ,by ,bs........
We get required solution of the system of equations
u(t) = 1.3 +0.52t — 0.2379 t%2 — 0.03153¢t3 + ......

and
v(t) = 0.6 + 0.18t + 0.183 t2 — 0.00835¢3 + ...
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Graph of solution of the system 5.1 and 5.2 witkegiinitial conditions i

'; Figure. 2 .

Graph of time verses population
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This figure 2 is graph showing effect of predatonspreys From this graph we ce
conclude that the number of predators and preyaistained (conserved).in some limit. Tl
means if number of preys increases then the numwmibpredators will alsdincrease due to
increase in food supply. Increase in the pred consumes more food. It results reductiol
food supply means number of preys reduces. A tiommes when the number of predat
and prey becomes equal. Then increase in prededaits decrease in prey. Hence ther
shortage of food for predators. s the chain is continued and number of predataispagy
always remains in some specific lir

VI. CONCLUSION

By using Raj transform we can easily solve the matitical models in biochemisti
health sciences and environmental sciences, camgeordinary differential equatior
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