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Abstract

In order to investigate the effects
of industrialization, population growth,
and primary-secondary toxicants on the
depletion of forestry resources, a
nonlinear mathematical model was
created and examined. It is assumed that
primary toxicants are released into the
environment at a constant specified pace
and those industrialization and population
expansions both promote  their
proliferation. Additionally, a portion of
the primary toxicant is changed into a
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more toxic secondary toxicant, which
affects the population and resource at the
same time. The stability theory of
differential equations has been used to
demonstrate the nature and uniqueness of
equilibrium as well as the prerequisites
for the presence of their local and global
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order Runge-Kutta approach and identify
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I. INTRODUCTION

India’s environmental issues are becoming worse very quickly. According to the
WHO, air pollution causes nearly two million premature deaths annually and affects many
more through breathing problems, heart disease, lung infections, and even cancer. One of the
worst types of air pollution produced by business, transportation, home heating, cooking, and
outdated coal- or oil-fired power plants is classified as fine particles or tiny dust from coal or
wood fires and unfiltered diesel engines. The two basic types of airborne contaminants are
primary and secondary. Primary pollutants are those that are released into the atmosphere by
a variety of sources, including the burning of biomass for agricultural and land clearing
purposes, the combustion of fossil fuels from power plants, automobile engines, and
industrial activities. When a primary pollutant combines with sunlight, oxygen, water, and
other chemicals in the air, secondary pollutants are created in the atmosphere. Simple
answers can be given to the questions of whether primary and secondary air pollutants are
relevant to atmospheric pollution, their effects on biological species, and the quality of the
environment: atmospheric processes, such as oxidation procedures, particle formation, and
equilibria, determine the fate of primary emissions, and, in most cases, the secondary product
of these processes are the more significant ones regarding their effects on human health.
Therefore, pollutants constitute a major threat to the survival of the resource biomass and the
population that is exposed to them in both of their forms. In order to intelligently manage
these pollutants, we must determine the risk to the resource biomass and population that is
exposed to them. Therefore, it is crucial to employ mathematical models to examine how
contaminants affect biological populations that depend on resources. So, in this study, an
effort is made to predict how these environmental contaminants affect biological populations
that depend on resources.

Freedman and Shukla [1] conducted research on the impact of toxicants on a
biological population and predator-prey system recently. They demonstrated that when
toxicant emission rates rise, population levels fall into an equilibrium, the size of which relies
on the toxicant's inflow and washout rates. To examine the impact of harmful compounds on
a two-species competitive system, Chattopadhyay [2] created a model. The impact of two
toxicants on the development and survival of biological species was researched by Shukla
and Dubey [3]. Studies on the proliferation and persistence of biomass-dependent species in
reduced forest habitats as a result of industrialization pressure may be found in [4, 5]. Shukla
and Dubey [6] investigated how increased population density and pollution emissions lead to
the depletion of a forestry resource in a habitat. Dubey et al. [7] investigated how population
pressure and increased industrialization contributed to the loss of forestry resources. They
demonstrated that even if population growth is only partially dependent on resources,
industrialization and high population pressure will eventually lead to the extinction of
resource biomass. The consequences of industrialization, population growth, and pollution on
a renewable resource were examined by Dubey and Narayanan [8].. The impacts of main and
secondary toxicants on renewable resources were investigated by Shukla et al. [9]. In his
analysis, the direct emission of main toxicants is taken into consideration; nevertheless, in
actuality, the amount of toxicants in the environment rises due to increased population
density and industrialization. Misra P. et al. [10] also investigated the best harvest strategy
for toxicant-affected forestry biomass using a mathematical model. Constant toxicant release
into the environment and dynamic biomass harvesting efforts using tax as a management tool
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have been implemented. Lata. K et al. [11] assessed the influence of wood and non-wood
based industries on the depletion of forestry biomass in their investigation of the effects of
industrialization on forestry resources. The metabolism of forestry resources is shown to
suffer as a result of the uptake of these pollutants by the forestry resources when the amount
of pollutants from wood and non-wood based enterprises grows. Mishra & Lata, [12]
investigated the depletion and conservation of forestry biomass in the presence of
industrialization by assuming that industries migrate owing to forestry biomass availability
and their expansion rises due to forestry biomass availability. Further The effectiveness of
media campaigns to preserve forestry resources and reduce population pressure was
researched by Verma V. and Singh V. [13]. The study came to the conclusion that trees can
be protected if forestry resources are conserved and public awareness of the significance of
trees is increased.

In light of the aforementioned factors, a nonlinear mathematical model is suggested
and examined in this study for the survival of a biological population that depends on
resources in the presence of two toxicants (primary and secondary). Population growth and
industrialization are thought to increase the density of primary pollutants in the environment,
which then forms secondary pollutants that are much more hazardous. The set of five
ordinary differential equations models this situation. The fourth order Runge-Kutta technique
and the stability theory of nonlinear differential equations are used to analyze and forecast
the behavior of the model.

1. MATHEMATICAL MODEL

It is assumed that the dynamics of the resource biomass, population, and
industrialization are governed by logistic type equations and that the pressure of
industrialization, population growth, and primary-secondary environmental toxicants is
causing the resource biomass to be depleted in the ecosystem. It is also anticipated that the
growth rate of resource biomass reduces with increasing population density and
industrialization, while its carrying capacity diminishes with increasing primary-secondary
toxicant concentrations in the environment. It is also believed that the population growth rate
increases as the density of resource biomass and industrialization grows. Also, as the density
of resource biomass and population grows, so does the rate of industrialization. It is also
believed that primary toxicant emissions into the environment are industrialization and
population dependent, as well as secondary toxicant emissions into the environment, which
are more toxic than primary toxicants. It is considered that the rate of secondary toxicant
transformation is proportional to the concentration of primary toxicant in the environment.
Based on these considerations, the system is supposed to be regulated by the differential
equations:

dB raoB?
=_ B——B" 4B,
dt s(N) Kg(P.,.P,) ¢

2
dN (BN - rpoN

aN _ o™ N,
ra M(P,P,)

Copyright © 2024 Authors Page | 3



Trends in Contemporary Mathematics

e-1SBN: 978-93-6252-416-4

IIP Series, Volume 3, Book 4, Part 1, Chapter 1

TO STUDY THE IMPACT OF POPULATION GROWTH,

INDUSTRIALIZATION, AND PRIMARY- AND SECONDARY-LEVEL

TOXINS ON THE DEPLETION OF FORESTRY RESOURCES: A MATHEMATICAL MODEL

%:Q(|,N)_50pl_alBP1—aszl—gPl, 2.1)
dP.

d_f=69P1_51P2_ﬁlBP2_ﬁ2NP2-

dl |

—=nl|{1-—— [+ SBIB+y,IN.

dt 1( L) Vi V2

B(0)>0,N(0)>0,R,(0)>0, P,(0)>0,1(0)>0.

In model (2.1), B represents the density of resource biomass, N represents population
density, P andP, represents the densities of primary and secondary toxicants in the
environment. 1 is the industrialization density. « is the depletion rates coefficients of the
resource biomass due to the industrialization and g is the corresponding growth rate

coefficient of industrialization. The positive constant k is the transformation rate coefficient
of primary toxicant into secondary toxicant in the environment. y, and y, are the growth rate

coefficients of industrialization and population respectively due to their interaction. r, is the
intrinsic growth rate coefficient of industrialization. «;, «, and 3, 8, are the depletion rate

coefficients of primary and secondary toxicants due to resource biomass and population
respectively. &, and s, are the natural washout rate coefficients of the primary and secondary

toxicants respectively from the environment .The constant 6 <1, is a fraction, which represent
the magnitude of transformation of primary toxicant into secondary toxicant

In model (2.1), the function rg(N) denotes the specific growth rate of resource
biomass which decreases as N increases. Hence we take

rs(0)=rs >0, rg (N)<0 forn=o. (2.2)

The function Ky(R,P,) represent the maximum density of resource biomass which

the environment can support in the presence of primary and secondary toxicants, and it also
decreases as P, and P, increases. Hence we take

aKB(Pl!PZ)<0 aKB(PIIF’Z)

Kg(0,0)=K 0,
B( ) BO ~ o, oP,

<0 for r>0, P,>0. (2.3)

The function r,(B) denotes the growth rate coefficient of the population and it
increases as the resource biomass density increases. Hence we take

p(0)=rp >0, 1o (B)20 for B>0. (2.4)
The function M(P,P,) represent the maximum density of population which the

environment can support in the presence of primary and secondary toxicants, and it also
decreases as P, and P, increases. Hence we take
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MELP,) ) MEP)

M(0,0)=M, >0, ,
00)=Mq > oP, oP,

<0 (2.6)

forr, >0,P, >0.

The function Q(1,N) is the rate of introduction of toxicant into the environment which
increases as | and N increase. Hence we take

Q(0,0)=Q, 0, anl’N)zo, aQé:\iN)zo for 120, N20. 2.7)

Before analyzing the model we state and prove the following lemma corresponding to
the region of attraction for solution of model (2.1).

Lemma (2.1): The set Q={(B,N,P,,P,,1):0<B<Kgy,0<N<N,,0<P +P,<Q,,0<1<L,}
is the region of attraction for all solutions of model (2.1) initiating in the interior of positive

Q(Ly.Ny)

orthant, where Q,, = 5

, §=min(5, +9—69,5,)

I1.EQUILIBRIUM ANALYSIS

The system (2.1) may have eight nonnegative equilibrium in the B,N,P,,P,,1 space
namely,

El 0,0, QO , erg ,O , E2 0,0, QO , 0Q0 g ,L , E3(01
S +96,(d+9)

21
el
SOt
o
Se—
m
s
N
(=]
Zu
2
N
-
N—
m
(&)
—_
>
o
-
N
o
S—

+
Es(é,N:,I%,F:’Z,O), E(BO.P.B.T) E*(B*N*P*P, 1%

The existence of E, and E, is obvious. We prove the existence of other equilibrium points.
Existence of &,(0,N, R, P,,0):

In this case, N,P, and P, are the positive solutions of the following equations:

N=M(P,P,) (3.1)
Q(O1N)_50P1_0‘2NP1_9P1 =0, (3.2)
0 9P, —5,P, — B,NP, =0. (3.3)

From equations (3.2) and (3.3), respectively we get

___Q@.N)

1_51+012N+g

= f(N), say, (34)
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_ Hgfl(N) _
P, =St AN f,(N), say. (3.5)

It is noted that from equation (3.4) and (3.5) that P, and P,, are the functions of N
only. To show the existence of E,, we define a function F,(N) from equation (3.1), after
using (3.4) and (3.5) as follows

F.(N)=N=M(f,(N), f,(N)) (3.6)
From equation (3.6), we note that
F.(0)=-M(f,(0), f,(0)) <O.
Also from (3.6), we note that
Fi(Np)=Np =M(fy(Np). f5(Np, ))> 0,
Under the condition, N,, —M(f;(N,,), f2(N,,))>0, (3.7)

Thus there exists a root N in the interval 0<N <N, given by
F(N)=o0. (3.8)

Now, the sufficient condition for E, to be unique is % >0at N, Where

df _, (oM dfy oM df, | (3.9)
dN oP, dN P, dN

oM df, oM dfy
o, dN 0P, dN

From (3.9), we note that % >0at N, if <1 with this value of N, value of

P, and P, can be found from equation (3.4) and (3.5) and is positive since

oM df, oM df,
oL TR 2 g
oP dN 0P, dN

Existence of E4(O, N,P,,P,, TJ:

In this case N, F:>1, 52 and | are the solutions of the following equations:

__TI'p,oN _
oo —M(Pl,P2)+71'_O’ (3.10)
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Q(I,N)— 0P, —a,NP, - gP; =0, (3.11)

@P, —5,P — ,NP, =0, (3.12)
L(r+7,N)

| =——2~=g,(N), say (3.13)

r

Using the value of 1, from equation (3.13) in equations (3.11) and (3.12) we obtain

_ Q(gl(N)'N) _

Pl_—50+a2N+g =g,(N) say, (3.14)
_ yQ,(N) _

P, = 5a BN 95(N), say. (3.15)

It is noted from equations (3.13), (3.14) and (3.15) that 1,P, and P,, are the functions
of N, only. To show the existence of E,, we define a function F,(N) from equation (3.10),
after using (3.13), (3.14) and (3.15) as follows

Fo(N)=rpoN —(rpg + 7291 (N))M (g, (N), g3(N)). (3.16)

From equation (3.16), we note that

Fo0)= g+ s 20 AL

Also from (3.16), we note that
Fz(Nm): oNm _(rPO + 7191(Nm))M (gz(Nm)v g3(Nm)) >0.
under the condition,

poNm >(rPO +7191(Nm))M(92(Nm)1gS(Nm))' (3.17)

Thus there exists a root N in the interval 0< N < N,, given by

5(@):&
(3.18)

Now, the sufficient condition for E, to be unique is (l% >0at N, where

df 2 Y172 oM dgz oM ng
— < _ —LLXeM N) N))— + N)) ——=+——=|. 3.19
aN Tpo r (92( )93( )) (rpo 7/191( ){ oP; dN oP, dN ( )
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From (3.19), we note that (l% >0at I\:l if

7172 oM ng oM dg3
L2222 M(g,(N) g5(N))- NN oo an |2 320
Ieo . (92(N), 95(N))=(reo + 7294 ( ){ oP, dN ’ oP, dN ]> ( )

With this value of N’:, value of i:, 51 and 52, can be found from equation (3.13), (3.14)
and (3.15) and is positive since condition (3.20) is satisfied.

Existence of E5(8.0,F,.P,.0)

In this case B,R,P, are the solutions of the following equations

B= KB(Plv Pz)!
(3.21)

_ Qo _

Y Sy +aB+g =h(B) s
(3.22)
_ ah(B) _

P, = 5+ fB hy(B). say,

(3.23)

It is noted from equations (3.22) and (3.23) that P, and P,, are functions of B only. To
show the existence of E;, we define a function F,(B) from equation (3.21), after using
(3.22) and (3.23) as follows

Fs (B) =B-Kg '(hl(B)' h, (B)) (3.24)

From equation (3.24), we note that

__ Qo AQ
FB(O)_ KB(% +4g ’51(50 + Q)J <0

Also from (3.24), we note that

F3(KBO): Kgo — KB(hl(KBO)1 hZ(KBO))> 0,
under the conditions

Kgo > KB(hl(KBO)’ hZ(KBO))' (3.25)

Thus there exists a root B, in the interval 0< B < Kg,, given by
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F(B8)=o. (3.26)

Now, the sufficient condition for Eg to be unique is % > 0at B, where

dFs _,_[OKg dhy  OKg dh, | (3.27)
dB oP, dB 0P, dB

From (3.27), we note that Zi; > Oat B, if [aK—Bﬂ + Ke dhy J <1

oP, B oP, dB

With this value of B, value of P, and B,, can be found from equations (3.22) and (3.23) and is
aKB dhl +aK_B%j<1

positive since | —2 —>
oP, dB  oP, dB

Existence of Ee(é, N, P, P, ,0):

In this case, é, N Iél, |=:’2 are the solutions of the following equations:
IgoB
rg(N) - ——2—~=0, 3.28
N R (2.28)
_ N _
ro(B) ML)~ (3.29)
Q(0,N)—5oP, —a;BP, —a,NP, —gP; =0, (3.30)
P, —6,P; — 51BP, — 3,NP, =0. (3.31)

From the equation (3.30), we have

QON) g (5n)  say, (3.32)

! _50 +aB+a,N+g
With this value of P, and from the equation (3.31), we have

P _ & Q(O,N)
27 (6, + BB+ B,N) (8o + B +a,N +9)
(3.33)

=d,(B,N), say,

Using values of P, and P, from (3.32) and (3.33) in equations (3.28) and (3.29) respectively,
we get
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(rBO - rBlN)(KBo - KBldl(Bv N)_ Kszdz(Bv N))_ rgoB =0,
(3.34)

(oo +re1BXMo —Md; (B, N)—M,d, (B, N))—rpoN =0,
(3.35)

From (3.34), we note that 3—'; >0, If

ody ad,

g + s (N) K +K <0,and
BO B( { Bl Ap 68 B2 88}

ad od
rBlKB(dl(B1N):d2(ByN))"‘rB(N{KBl 8Nl Ksza—sz>0-

From (3.35), we note that 3—: <o, if

ad ad
(B)(Ml asl M26—82]>rle(dl(B,N),dz(B,N)), and

ad ad,
Mg +rp(B{M1 8N1 M. — j>o.

Thus the two isoclines (3.34) and (3.35) intersects at Band N provided

+Kpg,

od od
rBO+rB(N{KBl aBl a—BZJ<O,

re;, K (d,(B,N),d,(B,N))+r, (N)(Kma—dul( %}o.

oN B2 6N
od od
(B{Ml o, Ma—Bj roeM (04BN ) d, (B,N)

ad ad,
rpo+rp(|3{|v|1 8Nl M. — )>o.

Using these values of Band N we get |=:>l and |=:>2 from (3.32) and (3.33), respectively as follows

= Q0.N) and
So+ayB+a,N+g’
% Q(O.N)

P — .
27 (6, + 5B+ B,N) (6 +aB+a,N+9)
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Existence of E,(B,0,F,P,.1):

In this case B,R,,P,,I are the solutions of the following equations

"B -0
rBO KB(Pl’PZ) “ ,
(3.36)

lzgonfa(—Bg’S)g:ez(B), say, (3.37)
1

P :M:e (B), say (3.38)

foepB T '

| = L[1+i£j=el(8), say. (3.39)
1

It is noted from equations (3.37), (3.38) and (3.39) that P,,P, and I are functions of B
only. To show the existence of E,, we define a function F;(B) from equation (3.36), after
using (3.37), (3.38) and (3.39) as follows

F5(B) =rgoB —(rgo — a8, (B))Kg (2 (B).e3(B)) (3.40)

From equation (3.40), we note that

Fs (O) = _(rBO - aL)KB (EO(I;C;) : ;zgo(l;(;))] <0.

Also from (3.40), we note that

FS(KBO) =rgoKgo _(rBO _ael(KBO ))KB(EZ(KBO)v es(KBo )) > 0.
under the conditions

eoKgo > ("Bo _ael(KBO ))KB(eZ(KBO)' e3(KBO ))
(3.41)

Thus there exists a root B, in the interval 0< B < Kg,, given by

F(B)=0.
(3.42)
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Now, the sufficient condition for E, to be unique is % > 0at B,where

e (oo (3] e 2 K s
o o (£ )1~y (8)] T8 2 4 TKa S )| (343)

From (3.43), we note that % > 0at B, if

, oKg de, OJKg de
0+ (81 2 (8) ) (1 am0) 0 2 Ko |
1 2
(3.44)

With this value of B, value of P,P,and I can be found from equations (3.37), (3.38) and
(3.39) and is positive since condition (3.44) is satisfied.

Existence of E*(B* N* P* P>, 1%):

In this case, B*,N*,P*,P,* 1 * are the solutions of following equations:

L(N)-—"0B g,

KB(Pl’ PZ)
(3.45)
oo N
ro(B)-—2— 4,1 =0,
N TCYME
(3.46)
Q(I,N)—8,P, —,BP, —a,NP, — gP, =0,
(3.47)
&P, —6,P, — 5BP, — B,NP, =0,
(3.48)

fl(l—IE]JrﬂB +7,N =0. (3.49)
From the equation (3.49), we have

I =r£(r1 +/B+7;,N)=5,(B,N),  say,
1

(3.50)

With this value of I, and from the equation (3.47) and (3.48), we have
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~ Qsy(B,N)N)
P1_(5o+aiB+a2N+g)—Sz(B,N), say,
(3.51)
o TR CAO (3.52)
2 (6, + BB+ p,N) 3\B,N), , |

Using values of I,P and P, from (3.50), (3.51) and (3.52) in equations (3.45) and (3.46)
respectively, we get

(rBO — Iy N _0‘51(8’ N))(KBO - KB152(81 N)_ Kszss(B: N))_ rgoB =0, (3.53)

(rPO + 1N +7151(B: N))(Mo - Mlsz(Bv N)_ M233(B1 N))_ rpoN =0,
(3.54)

From (3.53), we note that z—g <0, if

os s 0S5
aa—BlK (s2(|3,N),sg,(B,N))Jr(rB(N)—ocsl(B,N))(KBl aé Kg, GBJ+ rso >0, and

(1o 2 o 28D 50,0+ ()56 K 22 4 g, 220

From (3.54), we note that Z—'; >0, If

0s; os 0S4
[_rPl " ;BJM(SZ(B,N),S3(B,N))+(FP(B)+7151(B,N){Ml aé M, 6Bj>o' and

0s 0s 083
yla—’\TM(SZ(B,N),S3(B,N))—(rp(B)+7lsl(B,N){Ml 8I\T M, 6Nj Fpo > 0.

Thus the two isoclines (3.53) and (3.54) intersects at B*and N * provided

0s 0s, 0S5
o 5 5B 5 8N (0 )~ 8, N){ K 2 K 51 >0,

os s 05
[rBl +aa—,\1]KB(52(Bv N)- 53(B, N))+(rB(N)—asl(B, N){Km 8!\7 +Kagy 6—’\7] >0,

0s 0s o
(_ o1 =71 aBle(Sz(BaN)asa(BaN))+(rP(B)+hSl(B’N){Ml aB2 M2 a§j>0’

0s s 55
716_|\TM(SZ(B’ N)s3(B, N))_(rP(B)+ 715(B, N){Ml 6l\f M, 8[\7) Fpo > 0.
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Using these values of B*and N* we get P, *,P,*and I* from (3.50), (3.51) and (3.52),
respectively as follows

L
|:r_(r1+,35+72N): P =

Qs,(BN)N) L asEN)
(50+051B+052N+9), ? (51+/31B+/32N).

IV.STABILITY ANALYSIS

1. Local Stability: The local stability behavior of each equilibrium point can be studied by
computing the corresponding variational matrix. From these matrices we note the
following.

E, is also a saddle point with stable manifold locally in the p, —P, plane and with
unstable manifold locally in the B—N -1 space.

E,is a saddle point with stable manifold locally in the B, —P, —1 space and with
unstable manifold locally in the B—N plane.

E, is a saddle point with stable manifold locally in the N-P, P, space and with
unstable manifold locally in the B-1 plane.

E, is a saddle point with stable manifold locally in the N-P, -P, —1 space and with
unstable manifold locally in the B direction.

E; is a saddle point with stable manifold locally in the B—P, —P, space and with
unstable manifold locally in the N -1 plane.

Eq IS a saddle point with stable manifold locally in the B—N-P, - P, space and with
unstable manifold locally in the 1 direction.

E, is a saddle point with stable manifold locally in the B-P,—P, -1 space and with
unstable manifold locally in the N direction.

In the following theorem we show that E*is locally asymptotically stable:

Theorem 1: If the following inequalities hold

ey N>+ P *+ 8P, *+ 81 * <

rgoB*
Kg (P*,P,*)’

4.1)
rpgN *
4.2)
* *
—— Kes 20B*? +—5————TIpoN *2 10y < Q% N*) ) (4.3
Kg” (A*, P,) M“(P*, P,%) P
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*
— Kez FgoB ™ et M, rpoN *2 < —6gpl* , (4.4)
Kg" (R*, P¥) M < (P, P,*) P,
nl*
aB*+y N*+Q, < - (4.5)

Then E* is locally asymptotically stable.
Proof: If inequalities (4.1) — (4.5) hold, then by Gerschgorin’s theorem (Lancaster and
Tismenetsky, 1985), all eigen values of V(E*) have negative real parts and interior

equilibrium E* is locally asymptotically stable.
2. Global Stability

Theorem 2: In addition to the assumption (2.2) — (2.7), let rg(N), r-(B), Kg(P,P,),M(P,P,)
and Q(I,N) satisfy the conditions

0<—r5(N)<py, 0<-r5(B)< pp, M, <M(P,P,)< My, KmSKB(Pl,Pz)SKBO,O£§Sp3,O£%£p4,
oK oK
0<-——2<k,0<- Bskz,OS—ﬂSmLOS—@SmZ. (4.6)
1 2 1 2

in Q for some positive constants p;, oy, p3, 4.k Ky, Ko, Ky, Mg, M, m;, m, Then if the
following inequalities hol

2 1 'so M'po
Wt pe) < MR
4.7)

2
k 1 r

Q. +ragKpg —— | <=—B% (5, +g+a;B*+a,N*),

(lQm BofBo ZJ 4KB(P1*,P2*)(0 g+ oN*)

m

(4.8)

1 I'so

2B (5 +pB*+B,N%)
Ko (B gy O T AR

2
k
[ﬂlQm +rgoKgo K—22] <
4.9

2 1 T Rh
(ﬁ+a) <3 Kg (R* P*) L’
(4.10)

2
Pq +a,Q +rpgN <= Oy + g+ B*a,N*), 411
{4 2¥m 1T lpo manJ 4M(Pl*,P2*)(O 1 2 ) ( )
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2
m, 1 I'po * %

[ﬂsz +TpoNpy anJ < 2 M(P~, P, *)(51 + B> B,N*), (4.12)
fy, <t __Teo N 4.13
(71 72) 3|\/|(Pl*,P2*)L ( )
(6g)2<%(51+ﬂ18*+ﬂ2N*)(50+g+alB*a2N*), (4.14)

2 1n * *
03 <§I(5O+g+alB a,N*)| (4.15)

E* is globally asymptotically stable with respect to all solutions initiating in the positive
orthant Q.

Proof: Consider the following positive definite function about E*

B N 1 2 1 2 I
V(B,N,P,P, I):[B—B*—B*In§)+[N —N*—N*Inm)+E(F’l—Pl*) +E(P2—P2*) +[| — 1% *Inﬁ}

Differentiating v with respect to time t, we get

dv B-B*)dB (N-N*)dN dR, dP. [ —1*)\dl

d \ B Jdt N Jdt dt

Substituting values of d—B,d—N,ﬂ,dﬁ and W from the system of equation (2.1) in the
dt ' dt ' dt ' dt dt

above

equation and after doing some algebraic manipulations and considering functions,

rg(N)—rg(N*) .
7s(N)=1" N-N* NN
rg (N =), N = N*
(4.16)
rP(B)_ p (B *) B = B*
ne(B)={ B-B* ’ '
re (B*), B =B*
(4.17)
Q(I’N)_Q(I*’N) | = I*
_ I—1* ’ ’ ’
no(I,N)= aQ('aT’N)’ e (4.18)
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1 1
KB(Pll Pz) KB(Pl*v Pz) P, = P
or(PPy)= P-P* (4.19)
_ 1 aKB(Pl*' PZ) P, = P*
2 * aP 1 11— M1
Kg (Pl ' Pz) 1
1 _ 1
Ke(R*P,) Kg(P*Pp") B, = Pyt
Se2 (P Py) = P,—P,* (4.20)
- 1 aKB (Pl*' PZ *) P2 — PZ*
KBZ(Pl*v P *) 0P,
1 3 1
M(P.P) M(R*P,) , P, # P, (4.21)
tp1 (P Py) = P-P*
_ 1 oM (Pl*' P2 *) Pl _ Pl*
M2(P*P,) R
1 B 1
M(R*P,) M(R* P P, »
Tpa (R, P;) = P, —Py* (4.22)
_ 1 oM (Pl*’ P2 *) PZ — P2*
MR P %) P,
Q(I*’N)_Q(I*’N*) N = N* (423)
N _ N * 1 1 1
UQZ(I*y N) = .
aQ(I*, N )l E} N = N*
ON
we get
dv 1 1
o _Zall(B ~B*)’ +a,(B-B*)(N-N *)_Zazz(N - N*)°
1 1

= _Zall(B ~B*)’ +a,,(B-B*)(P, - P, *)_Zass(Pl —P*f

1 1
= _Zall(B —B*f’ +a,,(B-B*)(P, - P, *)_5344(}32 — P, %)
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1 1
= _Zall(B_ B*) +a5(B—B*)(1 -1 *)_gass(l — 1P

1 1
=72 825(N =N *)* +a,3(N-N*)(P, - P, *)_Za33(Pl i

1 1
= _Zazz(N —N*) +2,4(N-N*)(P, - P, *)_5344(P2 — P, *)?

1 1
Z—Zazz(N —N*F +a(N-N*)(1 -1 *)_gass(l -1,

1 1
= _ZaSS(Pl — P *)+ag(P - P *)(P, - P, *)—§a44(P2 — P, *)?
1 *)2 * x_ 1 *)2
:_ZaSS(Pl_Pl ) +335(P1_P1 )(' -1 )_gass(l -1 ) :
where
r r
311:m| alZZUB(N)“?P(B)x ay, =m| ap3=-IpoN7p (P, P;), 833 = g + g+ B*+a,N*,,

r
a3 =-a1 P, 'rBoBfBl(Plv Pz)r a, =-5P, *"BoB-fBZ(Pl*x Pz)v Az, =, a4, =0, +B1B*+B,N*, agg :Ti, a5 =—a+p,

Ay :_rPONTPZ(Pl*’ Pz)—ﬂzpzaazs =y1+72,835 :77Q1(|' N)
Then sufficient conditions for (11_\: to be negative definite are that the following inequalities
hold

2 1 2 1 2 1 2 > 1 s 1
a, <Za11a22! Q3 <Zalla337 Ay <§alla44’ a5 <53113551 CPE] <Zazzasa’ Ay <§azza44v

2 1 2 1 2
a5 <§azzass- a34 <§asaa44a a3s <5333355-
(4.24)

Now, from (4.6) and mean value theorem, we note that

m
e(N)<p1, |10 (B)< 2, |77Q1(|1N1§,031|77Q2(|*’N1<P4:|TP1(P1:P2)<M—121

n
roo(P* Py ) < 2 a x k2 4.25
|P2 17 Py F, |§Bl(Pl’PZXSF’ |§BZ(P1 vpzlﬁp- (4.25)

n m m

Further, we note that the stability conditions (4.7)-(4.15) as stated in theorem 2, can
be obtained by maximizing the left-hand side of inequalities (4.24). This completes the proof
of theorem 2.

V. NUMERICAL SIMULATIONS AND DISCUSSION
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To facilitate the interpretation of our mathematical findings by numerical simulation,
we integrated system (2.1) using fourth order Runge-Kutta method. We take the following
particular form of the functions involved in the model (2.1):

rB(N):rBO_rBlN' rP(B):rPO+rPlB' KB(PlvPZ):KBO_KBlpl_KBZPZI (5.1)
M(P,P,)=My—-M;P,—M,P,, Q(I,N)=Qy +Q,1 +Q,N.

Now we choose the following set of values of parameters in model (2.1) and equation (5.1).

=11, 1, =02, Ky =122, Ky, =01, Ky, =03, @ =001, 1, =20, 1, =04 M, =10, M, =0.1, M, =02, 3, =0.02,Q, =20, Q =03,
Q,=02, 8, =14,¢, =0.00L &, =0.08,g =5, H=05, &,=17, f,=06, f,=0.1, 1,=9,1=5, f=01,7,=0.2 K, =0.001
k =02k, =0.01, m =002,m, =001 M, =13, 5, =02, p,=01 p,=1 p, =01,  (52)

With the above values of parameters, we note that condition for the existence of E*
are satisfied, and E* is given by

B*=9.6912, N*=10.3966, P*=12140, P,*=0.1272, |*=6.6936. (5.3)

It is further noted that all conditions of local stability (4.1) — (4.5), global stability (4.7) —
(4.15) are satisfied for the set of values of parameters given in (5.2).

In fig. 1, the primary and secondary toxicants against time are plotted. It shows that as
direct emission of toxicant i.e. Q,, increases both primary and secondary toxicants into the
environment increases rapidly. Also it has been taken in the model that emission of primary
toxicant is industrialization and population dependent so its growth rate increases with
increase in parameters Q, andQ,, respectively, which ultimately result in increase of
secondary toxicant into the environment. This can be seen in figs. 2-3. Fig. 4, shows the
dynamics of resource-biomass for different values of «, w.r.t time t. This shows that density
of resource-biomass decreases as «, increases. It is also noted that the resource-biomass
density initially increases w.r.t time t and after certain time it settle down to its steady state.
Figs. 5-7, show the effect of 6for g =12 on the dynamics of resource-biomass, population and
secondary toxicant w.r.t time t. From fig. 7, it is obvious that as ¢, increases secondary
toxicant into the environment increases rapidly. From figs 5-6, we can infer that as the level
of secondary toxicant increases into the environment, densities of resource-biomass and
population decreases.

Fig. 8, shows the dynamics of secondary toxicant for different values of g, with
respect to time t. It is found that as g, rate of transformation of primary toxicant to secondary
toxicant, increases density of secondary toxicant increases into the environment. Also table is
formed for different values of gand@=1, which shows resource-biomass, population,
primary toxicant and industrialization decreases while secondary toxicant increases. From the
table we can infer that resource-biomass; population may driven to extinction if rate of
formation of secondary toxicant is large.
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g Resource- Population Primary Secondary | Industrialization
Biomass(B) (N) Toxicant(P;) | Toxicant(P,) (N
0.5 | 9.6892 10.3788 1.5700 0.0329 6.6915
1 9.6861 10.3773 1.5204 0.0638 6.6912
5 9.6666 10.3684 1.2138 0.2547 6.6891
10 | 9.6511 10.3613 0.9694 0.4069 6.6874
15 |9.6407 10.3566 0.8069 0.5082 6.6863

From figs. 9-10, we note that density of industrialization increases as gandy,,
increases. Fig. 11 shows that density of population increases as y,, increases with time. Figs.
12-13, show the effects of K, and K;,,0n the dynamics of resource-biomass. In both cases
the density of resource-biomass increases initially then decreases for some time and finally
obtain its equilibrium level. These figs also show that primary pollutant has an adverse effect
on the resource-biomass carrying capacity for a larger period than secondary toxicant.
Similar behavior can be seen in figs. 14-15, which is plotted between population and time for
different values of M, and M, respectively.

VI.CONCLUSION

In this paper, a nonlinear mathematical model to study the effects of industrialization,
population, primary—secondary toxicants on depletion of forestry resource is proposed and
analyzed. It is assumed that primary toxicant is emitted into the environment with a constant
prescribed rate as well as its growth is enhanced by increase in density of population and
industrialization. Further, a part of primary toxicant is transformed into secondary toxicant,
which is more toxic, both affecting the resource and population simultaneously.

Criteria for local stability, instability and global stability are obtained by using
stability theory of differential equation. It is found that if the densities of industrialization and
population increases, then the density of primary toxicant into the environment become very
large due to which the densities of resource biomass and population decreases & it settle
down at its equilibrium level whose magnitude is lower than its original carrying capacity. It
is also found that due to high level of primary toxicant into the environment which led in
large transformation of secondary toxicant, which is more toxic, decreases the densities of
resource biomass and population more than the case of single toxicant. Further, it is noted
that if these factor increases unabatedly, then resource biomass and population may be driven
to extinction.

Figures
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time (t)

Figure 1: Variation Of Primary and Secondary Toxicants with Time for Different Values of
Q, and other Values of Parameters are Same as in (5.2).

B S
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time (t)

Figure 2: Variation of Primary and Secondary Toxicants with Time for Different VValues of
Q, and other Values of Parameters are same as in (5.2)
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Figure 3: Variation of Primary and Secondary Toxicants Different Values of with Time for
Different Values of Q, and other Values of Parameters are same as in (5.2)
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Figure 4: Variation of Resource-Biomass with Time for « and Other Values of Parameters
are Same as in (5.2)
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Figure 5: Variation of Resource-biomass with for Different Values of ¢ and other Values
of Parameters are same as in (5.2)
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Figure 6: Variation of Population with Time for Different VValues of & and other Values of

Parameters are same as in (5.2)
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Figure 7: Variation Of Secondary Toxicant with Time for Different Values of 8 and Other

Values of Parameters are same as in (5.2)
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Figure 9: Variation of Industrialization with Time for Different Values of £ and other
Values of Parameters are same as in (5.2)
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Figure 10: Variation of Industrialization with Time for Different Values of y, and other
Values of Parameters are same as in (5.2)
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Figure 11: Variation of Population with Time for Different Values of y, and other Values of
Parameters are same as in (5.2)
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Figure 12: Variation of Population with Time for Different Values of K;, and other Values
of Parameters are same as in (5.2)
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Figure 13: Variation of Resource-biomass with Time for Different Values of K,
and other Values of Parameters are same as in (5.2)
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Figure 14: Variation of Population with Time for Different Values of M, and other Values
of Parameters are same as in (5.2)
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Figure 15: Variation of Population with Time for Different Values of M, and other Values

of Parameters are same as in (5.2)
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