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I. INTRODUCTION

In this direction, on approximation of f belong to many classes also Hélder metric by
Cesaro mean, Norlund mean, Euler mean has been discussed by several investigator like
respectively Alexits [2], Khan [6], Chandra [3], Mohapatra and Chandra [11], Das, Ghosh
and Ray[4], etc. Further in this field several researchers like Lal and Kushwaha [8], Lal and
Singh [9], Rathore and Shrivastava [14], Nigam [12], Albayrak, Koklu and Bayramov [1],
Rathore, Shrivastava and Mishra ([15], [16]), Kushwaha [7], Singh and Mahajan [18],
Mishra and Khatri [10] etc. Recently Rathore, Shrivastava and Mishra [17] have been

determined. We extend the result on approximation of function f € H,, class by (C, 2)(E, 1)
mean of conjugate series of Fourier series, has been proved.

I1. DEFINITION AND NOTATIONS

Let f (x) be periodic and integrable in the sense of Lebesgue on [-x, xt]. Then f(x) is
defined by

f(x) = % + Y o-i(apcosnx + bysinnx) = Yo A, (x) (2.1)
The conjugate series of (2.1) is
Ymeq1(bpcosnx — aysinnx) = Y 1 B, (%) (2.2)
with n™ partial sum S, (f; X)

Let w(t) and w*(t) denote two given moduli of continuity such that

w(©) /=0 (w* (1)) as t— 0* for 0<p< a < 1
If C,, denote the Banach spaces of all 2 w —periodic continuous function under
“sup’” norm for 0<a< 1 and some positive constant K, the function H,, is defined

by

Hw = {f€ Cor: [F()-f(y) <K w [x-y[}. (2.3)
with the norm |II. Il,,~ defined by

Ifll,,+ = Iflc + Sup,, A" [f(x,y)], (2.4)
where

Ifle = Sup [f(X)|. (2.5)
and e
* f(x)—f
A {f(x, )= oL (£ Y). (2.6)

The convention that A° f(x, y) =0.If there exit positive constant B and K such that
W |x-y| < B |x —y|* and w*|x-y| < K |x — y|# then

Hy = {fe Cor: [F(X)-f(y)| < K|x-y|%, 0<a< 1}. (see Prossdorf’s[13]) (2.7)
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The metric induced (2.5) by the norm I.I, on the H, is called the Hélder
metric. If can be seen that [ flg=< Q2n)“PIfl, for 0<B<o<l.Thus {(H,, I} is a family

of Banach spaces which decreases as o increase.

The series Y—ou, is said to be (C, 2) summable to S. If the (C, 2) transform of S, is

defined as (see Hardy [5])

C2) e ) = 2 yn — S,
ty " (fx) = (n+1)(n+2)zk=0(n k+1)Sy —»S asn—w

The tgﬁ) (f: x) denotes the transform of (E, 1) is defined as

(D6 = & Do)~ S asns

and
2

CDED ey =
th (f' X) T (n+1)(n+2)

Yk=o(n—k+1) 21\5=0(};) S, =S asn—w

The conjugate function f(x) is defined by

f(x) =- ifoﬂ @(t) cot%dt

=limp_, (— if;cp(t) cot%dt)

The degree of approximation E,(f) be

En(f) =min||T,, — f”p )
Tn(x) denotes a trigonometric polynomial of degree n by (see Zygmund [20]).
Using the following notation

D (1) = f(x+t) + f(x-t) -2f(X)
and
P (1) = Dx(t) - Dy().

1. KNOWN THEOREM

Theorem: (see [18]). Let w (t) defined in (2.3) be such that

[FE8 4y = O (H(), H(t) > 0,

t u
Jy Hwdu =0 (tH(), as t- 0*

then, for 0<pB< a <1 andfe H, we have

1-#/,
1655 () f) Il =O <(<n +D7H (ﬁ)) )
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IV. MAIN THEOREM
On approximation of function f € H,, class by (C, 2)(E, 1) mean of conjugate of

Fourier series, has been established.
Theorem: If f € H,, and 0<f<a<l then

HECTED(f;2) = )l = O log(n + 1) [+ 7 1 ()] )

w*(|x=y|) +1

(4.1)

where t,(lc'm'l) is the (C, 2)(E, 1) mean of S, (f; x).

1. Lemmas: Using the following lemmas

Lemmal: Let | M,(t)| :m | >r, I(” k1) {Zv o(5) CO:'m )}l |

Apply|sin§|2%and|cos(v+ )t| <1, for0 <t <

- (n+1)

_ 1 n (n k+1) Z (k) |COS(U+ )t|
- t(n+2)(n+1) v=0 |51nt/2

— 1 (n—k+1)
- t(n+2)(n+1) n [n - {Zv O(R)}]

. — .. \Vk kY _ ok
T t+2)(n+1) k=0(n k+ 1) : Z":O(v) =2 )
(n+1) 1 Kk
“tn+2)(n+1) tn+2)(n+1) “k=0
1 n(n+1)

T t(n+2) 2t(n+2)(n+1)
_ 1 n

t(n+2) 2t(n+2)

=0 (l) (5.1

t

Lemma2: Let |My(D)] = —— | Zi [m k+1) {Zv o9 COS(v+ ) }l |

sm

Using|sin£|2t— and |sint] <1 for —<t<m
2 b4 (n+1)

=S | Zheo [T {SE=0()) cos (v +3) of |
- n_(n—k+1)  (see[9])

_tz(n+1)(n+2)

(n+1) _ n(n+1)
Tt2(n+1)(n+2)  2t2(n+1)(n+2)
1

(5.2)

= t2(n+2)
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Lemma 3: (see [18]) If w (t) satisfies condition (3.1) and (3.2), we get
fou t~lw(t)dt =0 (UuH(u), asu—- 0*. (5.3)
Lemma 4: Let & , (t) defines (2.13) for f € H,,

| D) - Dy () |<2Mw| x|

(5.4)
also | o) -Dy () |<2Mw| ¢ ] (5.5)
It is easy to verify.
V. PROOF OF THE MAIN THEOREM
Using (see [19]) and Riemann — Lebesgue theorem, then
Sa (0 = (9 =5 [y EFcos(n+ede (6.1)
If t,SE'l) denotes (E, 1) transform of S, (f; x) then
ED . rd __1 T Px(t) 1
(320 = F0) = gy fy st n_o(™) cos (k +5) tdt, (6.2)
If tﬁc'm'l) denotes (C,2)(E, 1) transform of S, (f; x),
Now
(C2)E1) _ (n— k+1) T o) (vk (K 1
tn (f5) = flx) = m =0 Jo 0 sint/, {ZU=O(U) cos (U +5) t}]
(6.3)
Writing | , (X) = t,(lc’m'l) (f;x) - f(x) then
1000 |= | &2V - Fo0) |
— 1 n_ (n— k+1) T $x(t) k
T n(n+2)(n+1) [ f smt/ {Zv O( )COS 17+ ] | dt (6'4)
(n k+1) n¢x(t) by (1) k
100010 0) | =| s 22 Oz o($) cos (v +3) | | ae

(6.5)
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Sy |2 1B Ol () cos (v +2) e ae

n(n+2)(n+1)
- 1 (n- k+1) m | ¢@® | k
= e n_ [ fo st/ {Zv o( ) cos (v+ }] dt
= L o) | [ M (0) ] de using Lemma 1

e, ] 140] o
=l +1 (66)

Now using (5.5) and Lemma3
— 7T/n+1
] =J, "™ 19D IMy, ()] dt

=0 (1) J, /4D -1 et

) ((n+ - H (- jl)) 6.7)
Now
1| = f,;’/ L, 1 0ONIMy, (0)]dt using (5.5) and Lemma 2

=0(1) f,f/(nm t72 w(t) dt
=0 ((n +1)1H (ﬁ)) (6.8)

Now using (5.4), Lemma 1, we get
=0 (=) f:/("“)t—l w(lx — y|)dt
=0 w(x—yD) f, /™t at
= O (log (n+1) w(lx — y1)) (6.9)
Now using (5.4) and Lemma2

— 1 T -2
=0 (=) oy €7 Wl =yl dt

=0 (W(|x —yI)). (6.10)
We have

= P20 P when k=1, 2 (6.11)
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By using (6.7) and (6.9) respectively in the first and the second factor on the right of the above
identify (6.11) for k = 1 then

—B/a

h1=0 [+ H ()] Dogn + 1) w(ix — yDIFe) (6.12)

Again using (6.8) and (6.10) in the first and second factor on the right of the identify (6.11) for k = 2
then

=0 ([on+ 07 1 ()] bwx — y01#e) (6.13)

Thus from (2.6), (6.12) and (6.13) we get

w’ = ()= ()]
sup | "1, (%, ) | SUPCN S (=)
—Of I (106 (n + 1)) (n+ 1) H (L)]l_s/“ (6.14)
w*(|x=y|) g n+1 '
Using the fact that fe H,=> ¢, (t)= O (W (1)) , then
Ialle= Sup |12 EV(f;2) - F)|
—TSX<TT
— T
=0 {n+ D7 H (=) (6.15)

Combining the result of (6.14) and (6.15), then
I (E ~ —y[)B/a 1-p/
162D 2) = F 0l e 02D og(n + )P [+ 7 1 (Z)]

w*(|x—y|) n+1
(6.16)
Completes the proof of main theorem

2. Corollaries: The corollaries can be derived from main theorem.

Corollary 7.1: If p=0and f € Lip(a, p), 0< a < 1then

2)(E = 1
| esSPED (2 = F 9l = Oz} foro<a<1.

_ log(n+1) _
= O(—(nH) ) ,for a =1

VI. CONCLUSION
The summability method (E, 1) includes method of summability like Borel, (E, q),

(e, ¢), F(a, q) and [F, dy] then by using the result of main theorem we can derive more
generalizing result and also the result of Mishra and Khatri [10] can be derived directly.
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