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Abstract






This article proposes some important theoretic aspects of fuzzy subsets. Here, we take a non-empty finite set and an ordered subset of the closed interval, then the set of mappings from to denoted by is defined as special fuzzy Boolean algebra. This article defines the subalgebra of a special fuzzy Boolean algebra. Some characteristics of the subalgebra are discussed.
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1. Introduction

The idea of fuzzy sets was first presented by Zadeh1 and is used in many different areas of mathematics.
Goguen2 and Sarchez3 modified this idea to define and research fuzzy relations. Joseph Goguen originally considered fuzzy sets, a generalization of them, in 1967. Numerous academics have since conducted studies on fuzzy sets. Fuzzification of algebraic structures and the idea of fuzzy subgroups were both developed by Rosenfeld4.
Algebraic structures are crucial to mathematics and have numerous applications in various fields, including coding theory, computer science, and information technology. Numerous studies have placed a strong emphasis on the fuzzy sets' algebraic structures. 5,6,7,8

















The set of all fuzzy subsets of is called the fuzzy power set of and denoted by . Since there is infinite numbers of values in , the fuzzy power set also have infinite numbers of fuzzy subsets or elements.That is why, in this article we take a non-empty finite set and an ordered subset  of such that , where is any positive integer greater than 1. Then the set of all fuzzy subsets obtained from the mappings from to is defined as special fuzzy Boolean algebra 8. It is denoted by. The total numbers of elements or fuzzy subsets in =.For better identification we denote the fuzzy subsets of as 0,1,2…. as follows:

[image: C:\Users\devangana\Desktop\iip\Untitled3.jpg]
Subalgebra is a subset of an algebra in mathematics that is closed under all of its operations and carries the included operations. It is almost a necessity to study its subalgebra, just as it is to learn the various facets of special fuzzy Boolean algebra. The subalgebra of a unique fuzzy Boolean algebra is defined in this chapter. There is discussion of a few subalgebraic features. 
2   Special fuzzy Boolean Subalgebra
Let, [image: ] is a special fuzzy Boolean algebra with [image: ]and[image: ]represents two binary operations fuzzy intersection and fuzzy union respectively, ‘/’ represents a unary operation complementation and two distinct elements empty fuzzy subset ‘[image: ]’ and the universal fuzzy subset ‘[image: ]’.
Now, if [image: ]is a non-empty subset of [image: ]containing [image: ]and[image: ]; and is closed under the same operations, then [image: ]is a special fuzzy Boolean subalgebra of[image: ]. Therefore a special fuzzy Boolean subalgebra of a special fuzzy Boolean algebra [image: ] is a subset of [image: ]and itself a special fuzzy Boolean algebra.
Improper subalgebra, that is defined for every special fuzzy Boolean algebra[image: ] has a special fuzzy Boolean subalgebra namely [image: ]; the other special fuzzy Boolean subalgebras can be said as as proper.
Similary every special fuzzy Boolean algebra [image: ]has a trivial subalgebra containing the empty fuzzy subset [image: ] and the universal fuzzy subset [image: ] only; all other subalgebras of [image: ]are defined as non-trivial.







Example 2.1 Let, be a finite set. Then, for the mappings  into and  into ; where  we can obtain special fuzzy Boolean algebras denoted by  ,where




The fuzzy union the elements of [image: ]are listed in the following table 2.1:
[image: C:\Users\devangana\Desktop\iip\Untitled.jpg]

Table 2.1: Fuzzy Union of the elements of 
The fuzzy intersection of the elements of [image: ]are listed in the following table 2.2:
[image: C:\Users\devangana\Desktop\iip\Untitled1.jpg]

Table 2.2: Fuzzy Intersection of the elements of 
And the fuzzy complements the elements of [image: ]are listed in the following table 2.3:
[image: C:\Users\devangana\Desktop\iip\Untitled2.jpg]

Fig: Fuzzy Complement of the elements of 
Observing the three tables some special fuzzy Boolean subalgebras of [image: ]are:
[image: ]improperspecial fuzzy Boolean subalgebra,
[image: ]trivial special fuzzy Booleansubalgebra,
[image: ],
[image: ]

[image: ]etc. are special fuzzy Boolean subalgebras of .
3.Some Characteristics of special fuzzy Boolean subalgebra
Theorem 3.1
To be a special fuzzy Boolean subalgebra[image: ]of a special fuzzy Boolean algebra [image: ]; [image: ]must contain the empty fuzzy subset [image: ]and the universal fuzzy subset [image: ]of [image: ].
Proof  Since, the complementation is an essential part of the structure of a special fuzzy Boolean algebra; the presence of the empty fuzzy subset [image: ]’ and the universal fuzzy subset [image: ]in every special fuzzy Boolean subalgebra is necessary since [image: ]and [image: ].
Since, a special fuzzy Boolean subalgebra contains an element [image: ]with its complement [image: ]. The fuzzy union or join [image: ]is always the universal fuzzy subset [image: ]and the fuzzy intersection [image: ]is always [image: ]. Hence, the special fuzzy Boolean subalgebra must have [image: ]and[image: ].
Remark 3.1
Every special fuzzy Boolean subalgebra of a special fuzzy Boolean algebra contains [image: ]elements but the reverse is not always true. If a subset of a special fuzzy Boolean algebra does not contain [image: ]elements then it is never become a special fuzzy Boolean subalgebra, for some [image: ]
For example, observing the tables as shown in above, the subset [image: ]of the special fuzzy Boolean algebra [image: ] of example 7.1 is not a special fuzzy Boolean subalgebra, because[image: ].
Remark 3.2


Every special fuzzy Boolean algebra can be expressed by the special fuzzy power set of its universal fuzzy subset  which is discussed in the section 3.9, but a proper special fuzzy Boolean subalgebra cannot be expressed as the special power set of  .
Theorem 3.2

If [image: ] ; where  are some special fuzzy Boolean subalgebras of a special fuzzy Boolean algebra [image: ], then [image: ]is also a special fuzzy Boolean subalgebra of [image: ].ProofLet, [image: ]and [image: ]be two fuzzy subsets of [image: ]. This implies that:
[image: ] ([image: ]is a special fuzzy Boolean subalgebra)                           (1)
[image: ] ([image: ]is a special fuzzy Boolean subalgebra)                           (2)
………………………….
[image: ] ([image: ]is a special fuzzy Boolean subalgebra)                           (3)
From (1), (2) and (3) it implies that :


[image: ][image: ]is closed with respect to fuzzy intersection [image: ].
Similarly, we can show that:



[image: ][image: ]is closed with respect to fuzzy union .
Again, let [image: ]
[image: ](as[image: ]aresubalgebras)                           
Also, [image: ]

[image: ][image: ], 
So, [image: ]is closed with respect to fuzzy complementation.


Again, and  .

Hence,  is a special fuzzy Boolean subalgebra.
Theorem3.3

 The relationof one special fuzzy Boolean algebra being a special fuzzy Boolean subalgebra of another is a partial order on the set of all special fuzzy Boolean subalgebras of a special fuzzy Boolean algebra.


Proof Let be the set of all special fuzzy Boolean subalgebras of a special fuzzy Boolean algebra 



Reflexivity: Here, , so the relation  is reflexive on .



Ant symmetry: If . Hence, the relation  is antisymmetric on .
two special fuzzy Boolean algebras are special fuzzy Boolean subalgebra of one another, then they are equal.









Transitivity: For any three special fuzzy Boolean algebras  and if is a special fuzzy Boolean subalgebra ofandis a special fuzzy Boolean subalgebra ofthenis a special fuzzy Boolean subalgebra ofwhich follows that the relation  is transitive.



Therefore, the relation  is a partial order relation on  as it is reflexive, antisymmetric and transitive. Therefore  is a poset.
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