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ABSTRACT

The structure of the quadratic residues and non-residues of a ring is introduced in this study as
Zp+WZp+W2Zyt. . +WK1Z, wk=1,p=2,3. We discover the universal formula for the ring's total number of
quadratic residues. By integrating graph theory with algebraic concepts, certain complete graphs were discovered
in the ring.
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I. INTRODUCTION

The theory of algebraic integers and the theory of polynomial rings are the roots of ring theory research.
Zahlring was first used by David Hilbert in 1897. A set is a ring that has two binary operations and meets certain
criteria. If multiplication is commutative, then the ring is as well. Rings that are commutative are simpler to
comprehend than those that are not. David S. Dimmit investigated rings and commutative rings [1]. In [1-4], many
number kinds and their characteristics were examined.In the seventeenth and eighteenth century, Fermat, Euler,
Lagrange, and Legendre investigated the quadratic residues of an integer. For factoring big numbers and acoustical
engineering, quadratic residues are used. Finding quadratic residues of an integer and counting them is simple.
However, it is not possible to count the quadratic residues of a commutative ring in the same way as an integer. We
utilised residue properties of commutative chain or non-chain rings to graphs in order to put the transition from ring
theory to graph theory. In [7], graphs and their byproducts, such as cartesian, lexiographic, tensor, and strong
products, were investigated. If the squares of vertices a and b under mod n are the same, Rezaei [6] defined graphs
whose vertex set is a reduced residue system mod n such that two different vertices a and b are nearby. In [8], graphic
code structures were found. The quadratic residues and non-residues of a commutative ring Ze+WZp+W?Zy+...+w«
1Z, wk=1,p=2,3 are studied in this article. We discover the generic formula to count the ring's quadratic residues.We
learned about various regular graphs from the ring's residue feature.

Il. PRELIMINARIES
In this section, we look into certain basic ring theory and graph theory ideas.

e Asetisthe mathematical representation of a group of different objects. A set's elements or members can be
any type of mathematical object, including numbers, symbols, lines, points in space, other geometric
structures, variables, or even other sets.

e Agroup is aset S that is nonempty and has the binary operation: * : SxS — § satisfying the axioms listed
below:
(i) Closure:ifa,beS,thenaxbeS.
(if)  Associativity: a = (b = c)=(a * b) x cforall a, b, c € S.
(iii) ldentity: there is an elemente € S, suchthata*e=e*a=aforalla€eS.
(iv) Inverse: for each element a € S, there is an elementb € Ssuch thataxb=e=b * a.
e Agroup S is said to be abelian (or commutative) ifaxb=b *aforalla, b € S.
Example: 2.1
7 is an addition-based abelian group.
A ring is a nonempty set R with two binary operations +and x that satisfy the following operations:
()H(R, +) is an abelian group.
(i)(R, x) is monoid
(iii)(R, x)hold distributive laws over addition.
Ring R is called a commutative ring if it holds commutative under multiplication.
A commutative ring with unity is field if every element of R has multiplicative inverse.
In order to obtain graphs from commutative ring ,we must to know certain fundamentals of graph theory.



Graph theory is the study of mathematical constructions used to represent pairwise relationship between objects. A
graph is a mathematical structure made up of a collection of points called vertices and a set of lines connecting
various pairs of vertices, some of which may be empty. There is a chance that the edges will be directed, or orientated.
If the lines are directed or undirected, respectively, they are referred to as arcs or edges. Let G=(V,E) be a graph
,where V is the set of all vertices and E={(x is adjacent to y /x and y are vertices of V}.

A simple graph is one in which no two vertices are connected by more than one edge, and no edge begins
or finishes at the same vertex. In other words, a simple graph is one that does not contain loops or many edges. If an
edge (arc) connects two vertices, they are said to be adjacent by. Each vertex in a directed graph has a direction
attached to it, and the vertices have connections by edges.

Arrows indicating in the direction the graph can be traversed are usually utilised to denote edges. The edges in
an undirected graph are bidirectional and have no associated direction. As a result, either direction can be used to
traverse the graph. The graph is undirected because there isn't an arrow present. A complete graph is one in which
there is precisely one edge connecting each pair of vertices.

e The exact number nC, of edges are present in a complete graph of 'n' vertices.

e A complete graph with 'n' vertices is denoted as K.

Example:2.2

Figure:1 Ks

11l. QUADRATIC RESIDUES

In this section,we study the structure of elements of the ring R = Zp+WZ,+W?Zy+....+wK1Z, wk=1p=23.
Quadratic residues and quadratic non-residues of the ring were discovered of the ring.

In number theory,an integer q is called quadratic residue of n if there exists an integer x such that x?= q(mod
n).otherwise q is called quadratic non-residue of n.

Example:2.3

Let Z;={0,1,2,3,4,5,6}.

Since all the elements of commutative ring Z; has multiplicative inverse , Z7is a field.

12=1(mod 7), 22=4(mod 7)

32=2(mod 7), 4?>=2(mod 7), 5=4(mod 7), 6°=1(mod 7)

Therefore, quadratic residues of Z7={1,2,4}

A.Quadratic Residues over B= Z>+u Zo+U? Zo+....+ukt Zo uk=1
Consider B= Zo+u Zo+u? Zo+... +ukt Z, uk=1 where Z,={0,1}.
Every element 5 of B is of the form a+bu+cu? +....+ru*? Here a,b,c,re Z,
An element of B is called a quadratic residue if %= g (mod u*=1)

Consider the ring, B, = Z,+uZ,={0,1,u,1+u}, u?=1.since B, satisfy the commutative ring properties, B2 is a
commutative ring.The set of all quadratic residue of B2 is > ={1,0} and the set of all quadratic non-residues ={u,1+u}.
Let Bs= Zo+ uZ,+u?Z, u=1 is a commutative ring .Bs= {0,1,u,1+u,u?,1+ u?,u+ u? 1+ u+ u?}

Quadratic residues 3 =Bs.Let B4= Zo+uZo+u?Zo+ Ud Zp, u*=1.

B4={0,1,u,1+u,u?,1+ u?,u+ u?1+u+u? ud, 1+ ud,u+ ud,1+u+ud u+ud 1+ u?+ud,u+ u?+ud, 1+ u+ u?+us}

Residues of By is £4={0,1+ u?, 1+ u+u?, 1+ u+u®}

Let B5= Zz+UZz+U222+ U322+ U4Z2' u=1.In this ring 5= Bs.

continuing in this way,we obtain all the elements and quadratic residues of the commutative ring Z +uZ+u?
Zot+...+u€'Z, where uk=1.

Theorem:3.1
Let Bn= Zo+u Zo+u? Zo+...+ukl Z, uk=1 be a commutative ring.Then the number of quadratic residues of

Bn = {k, uk =1 and k is even number
2k uk =1 and k is odd number

B.Quadratic Residues over B=Zs+vZz+v?Zs+....+v¥1Z3 vk=1

In this section,we study the structure of elements and quadratic residues and quadratic non-residues of the ring
Zs+V23+V223+. .. .+Vk'123 ,Vk=1.



Consider B = Zg+VZz+v?Zs+....+vk1Z5 vk=1 where Z3={0,1,2}.
Every element 3 of E is of the form a+bv+cv? +....41vk? Here a,b,c,..r £ Zs

Consider the ring, Bo=Z3+VZ3, v?=1.

B2={0,1,v,1+v,2v,1+2v,2,2+v,2+2v}

since B satisfy the commutative ring properties, B, is a commutative ring.The set of all quadratic residue of the
ring is t; ={1,2+2v,2+v}and the set of all quadratic non-residues ={0,v,1+v,2v,1+2v,2 }.

Let Bs = Zs+ vZ3+v?Z3 v3=1 is a commutative ring.

={0,1,2,v,2v,1+V,2+V,1+2V,2+2V,v2 1+V? 2+V2 V+V2, 2V+V2 1+V+V2 2+V+V2 1+2V+V2 2+2V+v2 2v2,
142V2, 242v2 v+2V2 2V+2V2, 1+V+2V2, 2+v+2v2, 1+2v+2v2, 2+2v+2v2 }

Quadratic residues t3 ={ 0,1,v2,1+2v+V?,2v+2v2 2+2v, 2+2v2 1+V+V2 vV, 2+v+v2, 1+v+2V2 }.

Let Bs = Z3+tVZ3+v2Z s+ 3 Z3, vi=1.

Ba ={0,1,2,v,2v,14v,2+v,14+2v,2+2v, V2, 1+Vv22+ V2, v+ v22v+ V2 1+v+ v22+v+ v2 14+2v+ V2 242v+ V2 2v2 142
V2,24 2V2 V+2V2, 2V+2V2 1+V+2V2 2+V+2v2 14+2v+2V2 2+ 2v+2v2 v 143 2+V3 v+vE 2v+ve 1+v+vE 2+v+ve 1+2v
V3 242V V2V 1424V 24v2HVE vAVEHVE 2vHvIHVE T4V VAHRVE 24V VAHVE 142v+ vV 242v+
V243 2V 142 V23 242 V23 VA2 VEHVE 2v+2 V2V 14V+2 V2HVE) 2442 VAR 14+2v+2 VAHVE 2+2v+2
V23,28 1423 24+2v38 v+2v8 2v+2v3 1+v+2v3, 2+v+2v3 1+2v+2v8 2+2v+2v8, v2+2ve8 1+v2+2v8 2+ v2+2v3 v+
V2423, 2v+ V24203 1+v+ V2428 24+v+ V2+2V8 142v+ v2+2v8 24 2v+ v24+2v3 2v2+2v3 142 V2423, 2+2 v2+2vE v+2
V2428, 2v+2 V22V 14+V+2 V2423 2+v+2 v2+2vE 1+2v+2 V2428 2+2v+2v2+2ve }

Residues of Bs is ta={ V2,242v2,14+2v2 1, 1+Vv2+2V3, 1+V2+v3, 142v+V2, 2v4+2v24+2v3, 2+42v+2v2+ve, 1+v+V2,
V+2V2HVE 242 v+2v3 2+ 14+2v+V2 24 2v+2v8 1+2v+v2+2v8 2+v+vE 1+v+v2+ve 2+v+2v2+2ve)

continuing in this way,we obtain the elements and quadratic residues of the commutative ring Zz+v Zs+v?

Zat... +VK1Z5 vk=1.

Theorem:3.2

Let B = Za+v Za+v? Zs+.. . +vK1 Z3 v*=1 be a commutative ring. Then the number of all quadratic residues of
_{ 2k —1ifuk=1,k=2

5= 2k +1, if u* =1,k > 2 and k is positive integer

IV.QUADRATIC RESIDUE GRAPH OVER R =Zp+W Zp+W? Zp+.... WKt Zp wk=1
A simple graph G is a quadratic residue graph Gy [ 7] with vertex set V and edge set E where
V(Gn)={a€ Z/(a,n)=1 and a<n} and E(Gy) ={ab/a,b€ V(Gnand a*=b? (mod n)}
Let Z:,={0,1,2,3,4,5,6,7,8,9,10,11}
V(G12)={0,1,2,3,4,5,6,7,8,9,10,11}
Here,12=5?=72=11%=1(mod 12),22=4?=82=10?=4 (mod 12),3?= 9?=49(mod 12), 0= 6>=0(mod 12)
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Figure 2: G(Z12)

In this section ,we study anbout quadratic residue graph over Zp+w Zp+w? Zp+....+wkt Z, wk=1, p=2 or 3.if their
vertex sets are reduced residue systems mod wk=1.
V(G)={a € R}
E(G)={a is adjacent to b/a,b € V(G) and a?=b? (mod w*=1)}.Here,w ‘s are congruent under w*=1 and element of
Z, are congruent under modulo p in the product and addition of polynomials over R.
Throughout this paper,we consider G is undirected graph only.
Theorem:4.1
Let G(Bn)=(V,E), be a quadratic residue graph where n is even .Then the graph is n types of complete graph and
[V|=2".
Example:

Let B4: Zz+UZz+U222+ ud sz ut=1.
This is commutative ring has four quadratic residues twelve quadratic non residues.
The graph generated by the ring B4 is a Quadratic residue graph which has the following vertices and edges :

V(G) ={0,1,u,1+u,u?,1+ u?u+ u? 1+u+u? ud, 1+ ud,u+ ud, 1+u+ud u?+ud 1+ u?+ud,u+ u?+ud, 1+ u+ u?+us}
E(G)={(0,1+u?) ,(0,1+u+u+ud),( 1+u?, 1+u+uz+u®),(u? u+u+u® )(1,1+u+ud),(1,ud),(d, u+u+ud),(  u+u+ud,
1+u+ud), (U2, 1+u+ud),(u,ud),(u,1+u+ud), (u,1+u+u?), (U3, 1+u?+ud), (1+u+u? 1+u2+u8),(ud, 1+u+u?),(u+uu+ud),



(U+u?,u?+ud),(1+u3,1+u), (1+u3,uz+ud), (u+ud,1+u), (u+u?,1+u3),(1+u3,u+ud),(1+u,u?+ud),(u+ud,u+ud), (u+u?,1+u)}

Quadratic binary Residue graph is given below:

u UL 1 1+u+u?
u SETEE .
u? WETTEETE
u+u?
o
14 1+0?
L+utu+u? ustu? u+us

1+u?

Figure 3: G(B.)
Theorem:4.2
Let G(¥)=(V,E), be a quadratic residue graph .Then the graph is 3 types of complete graph with [V|=3"

Example:

Let ’134 = Z3+vZ3+viZat+ V3 Z3, vi=1.
It is a commutative ternary ring with eighty one elements .Quadratic residue graph obtained from the ring with the

following vertices ..
V(G") ={0,1,2,v,2V,1+V,2+V,1+2V,2+2V V2, 1+V2 2+ V2, v+ V2, 2V+ V2, 1+V+ V2 24V+ V2 14+2V+ V2, 242V+ V2, 2V2, 1+2

V2,242 V2 V42 V2 2v+2 V2 14+V+2 V2, 2+v+2 V2 142v+2 v2 2+ 2v+2 v

Quadratic Ternary Residue graph over B4 is shown below:

1 X 1+ 2u+u? ! 112 .
1 u -u Q! [ ® ® u-Hur-
* * h ¢ ¢ ®
‘ L
Hutdu? &
, ] { . 1+u+du? Tl | .
“u 2+2u 1+2u+2u? 2u+2ul

2 i



1412 2+u
L
0
u+2u? 1+2u
2+1?
2 2
- il 1+utui+u?
e 1402
1+2u?
Figure 3: G(B4)
Conclusion:

We describe the structure of quadratic residues in a commutative ring in this study. Complete graphs were found in
the ring by using algebraic ideas to graph theory. The author hopes to expand the work to include the encoding and
decoding of commutative rings in future research.
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