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Abstract

OWC(occasionally weakly compatible mapping), Implicit relations, Complete intuitionistic fuzzy metric
spaces, and a common fixed point.

Introduction

In 1965, Zadeh invented fuzzy set theory [17].Numerous writers have presented and analyzed diverse fuzzy
metric space concepts in various ways [9], [4], and [5], as well as proven fixed point theorems with intriguing
follow-up findings in fuzzy metric spaces [6]. The idea of an intuitionistic fuzzy metric space was recently
introduced by Park [12], and Alaca and et al. [2] and Mohamad [10] have since examined the fixed point outcomes
in these spaces. The idea of sporadically weakly compatible maps was first suggested by Al-Thagafi and N.
Shahzad[3].

In this paper, we show standard fixed point theorems for intuitionistic fuzzy metric spaces as an application
of occasionally weakly compatible mappings.

Preliminaries
Definition 1.3[2] A 5-tuple (X, @, ¥, o, 0) is called an intuitionistic fuzzy metric space if X is an arbitrary set, - isa
continuous t-norm[14], o is continuous t-conorm[14] and @, ¥ are fuzzy sets on X? x (0, o) that satisfy the
following conditions: Forall v, o, € X and s, 1> 0
(1-1) OV, w, 1)+ ¥V, 0, 1) <1,
(1-2) d(v, , 0) =0,
(1-3) d(v, o, 1) = 1lifand only if v = w,
(1-4) (v, o, 1) = D(o, v, 1),
(1-5) D(v, m, 7) o D(, A, ) <D(V, A, T+S),
(1-6) D(v, o, .) : (0, 0) — (0,1] is left continuous,
(1-7)  lim @ (v, ®, 1) = 1,
(1-8)  ¥Y(v,0,0)=1,
(1-9) ¥Y(v,o,7)=0ifandonlyifv= w,
(1-10) ¥Y(v, ®, 1) = ¥Y(o, v, 1),
(I-111) Y(v,0,7) 0 P(®, A, 8) <P(v, A, T+59),
(I-112) ¥(v, ®,.): (0, ©) — (0,1] is right continuous,
(1-13)  lim . ¥(v, ®, 1) =0,
(@, W) is then referred to as an intuitionistic fuzzy metric on X. The functions ®(v, o, t) and N(v, ®, 1)
represent the degree of nearness and non-nearness of v and m with respect to t, respectively.

Remark 1.4 Every fuzzy metric space (X, @, <) is an intuitionistic fuzzy metric space of the form (X, @, 1-®, ., )
such that t-norm.and t-conorm o are associated i.e. v & ® = 1- ((1-v) » (1-»)) for all v, ® eX.
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Example 1.5(Induced intuitionistic fuzzy metric space) Let (X, d) be a metric space. Definea.b=abandaa b=
min{1, a+ b} forall a, b € [0, 1] and let ®y4 and P4 be fuzzy sets on X2 x (0, o) defined as follows:

_ T _ divw)
q)d(v’ o, T) - T+Hd(vw) ' lPd(v’ o, T) - T+d(v,0)’
Then (X, @4, ¥4, ¢, 0) is an intuitionistic fuzzy metric induced by a metric d the standard intuitionistic fuzzy metric
space.
Definition 1.6[2] Let (X, @, ¥, -, 0) be an intuitionistic fuzzy metric space. Then
(@)A sequence {vn} in X is said to be convergent to a pointv in X if and only if lim,_.® (vs, v, ) = 1 and

limy_,o¥(vn, v, 7) = 0 for each t> 0.

(b)A sequence {vn} in X is called Cauchy sequence if lim,_...®(Vn+p, Vi, T) = 1 and limy_,« ¥ (va+p, Vi, T) = 0 for each p
>0andt>0.

(c)An intuitionistic fuzzy metric space (X, @, ¥,0) is said to be complete if and only if every Cauchy sequence in X
is convergent in X.

Lemma 1.7[13] Let {vn} be a sequence in an intuitionistic fuzzy metric space (X, ®, ¥,.,0) with t.t>rtand (1-7) o
(1-t) < (1-1) for all T € [0, 1]. If 3 a number « € (0, 1) such that ®(vq+2, Vo1, KT) = D(Vn41, Vn, T) @Nd ¥ (Vis2, Vie1, KT)
< W(vns1, Vi, 1), Torall t>0and n € N, then {v,} is a Cauchy sequence in X.

Lemma 1.8[13] Let (X, @, ', -,0) be an intuitionistic fuzzy metric space. If V v, ® € X and t > 0 with positive
number x € (0, 1) and ®(v, o, k1) > O(v, ®, ) and ¥(v, o, kt) <¥(v, o, 1), then v = w.

Definition 1.9[7] Two self mappings A and S of an intuitionistic fuzzy metric space (X, ®, ¥,.,0) are called compatible
if limy—e®(ASvn, SAvy, 1) = 1, limy. P (ASvn, SAvy, 1) = 0 whenever {vn} is a sequence in X such that
limy—oAvp = lim,.Svy = v, for some v € X.

Definition 1.10[8] Two self mappings A and S of an intuitionistic fuzzy metric space (X, @, ¥,,,0) are called weakly
compatible if they commute at their coincidence points. i.e. if Au = Su for some u e X, then ASu = SAu.

Definition 1.11[1]Two self mappings A and S of an intuitionistic fuzzy metric space (X, ®, ¥.,0) are called
occasionally weakly compatible (owc) if and only if a point x in X which is coincidence point of A and S at which A
and S commute.

Lemma 1.12[1] Let A and S are two owc self mappings of an intuitionistic fuzzy metric space (X, @, ¥, -,0). If A
and S have unique point of coincidence, p = Av = Sv, then w is unique common fixed point of A and S.

M.A Al-Thagafi and Naseer Shahzad [3] shown that occasionally weakly is weakly compatible but converse
is not true.

Example 1.13[3] Let R be the usual metric space. Define S, T: R—>R by Sx = 2x and Tx = x? for all x e R.
Then Sx = Tx for x =0, 2 but STO =TS0, and ST2 = TS2. S and T are occasionally weakly compatible self maps but
not weakly compatible.

Main Results
Following theorem is given by [12]
Theorem Let (X, @, o) be a complete fuzzy metric space and Let A, B, S and T be self mappings of X. Let the pairs
{A, S} and {B, T} be OWC. If there exist q € (0, 1) such that
@ (AX, By, qt)> a1® (SX, Ty, t)+ a2 @ (AX, Ty, t)+ as® (By, Sx, t)

For all x, y € X, where aq, at2,003 > 0, o1 + a2 +oz >1then there exist a unique point we X such that Aw= Sw=
w and a unique point z € X such that B z=T z= z. Moreover, z = w, so that there is a unique common fixed point
of A/B,Sand T.

Here we generalized this theorem in intuitionistic fuzzy metric spaces as follows:
Theorem 2.1 Let the pairs (A, S) and (B, T) are occasionally weakly compatible self mappings on complete
intuitionistic fuzzy metric space (X, @, ¥, o, o) for any v, ® € X and t > 0 with positive number kx < (0, 1) such that
® (Av, Bo, k1) > a1 ® (Sv, To, 1) + a2® (Av, To, 1) + a3 P (Bw, Sv, 1) ...()
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and

¥ (Av, Bo, k1) < b1 ¥ (Sv, Tw, 1) + b,V (Av, Te, 1) + bs ¥ (B, Sv, 1), ...(11)

Inequalities (i) and (ii) are true for all v, ® € X, where aj;,a,, as b;, by,03>0, a3 +a; +a3 >1 andb;+b+bhy<1
then there exist a unique point u € X such that Ap = Sp = p and a unique point A € X such that BA = TA = A,
Moreover, A =, so that there is a unique common fixed point of A, B, Sand T.

Proof: Let the pairs {A, S} and {B, T} be owc, so there are points v, ® € X such that
Av =Sv andBo =Tw . We claimthat, Av = Ba. If not, by inequality (i)
@ (Av,Bo,k1)> a1 ®(Sv, To,1)+a,® (Av, Te, 1)+ a3 D (Bo, Sv, 1)
=a:®0 (Av, Bw, 1) +2,® (Av, B, 1) +aws® (Bw, Av, 1)
=(a1+a +a3)® (Av,Bo,1)
this gives contradiction sincea; +a, +az > 1.
Similarly, by inequality (ii)
Y(Av, Bo, k1) < b; ¥(Sv, Tw, 1)+ b, ¥(Av, Tw, 1)+ bs ¥(Bo, Sv, 1)
=b; ¥(Av, Bo, 1) + b, ¥(Av, B, ) +bs ¥ (Bw, Av, 1)
= (b1 + by +bs) ¥(Av, Bo, 1)
We get contradiction, because (b; + btbs) <1 And by Lemma 1.8Av=Bo, i.e. Av=Sv=Bo =To.Letus
assume that there is another point A such that AL = SA,then by (i) and (ii), we have AL = SA = Bo =Tw. This
gives, Av = Al and p= Av = Sv ,we have conclude that p is the unique point of coincidence of A and S. By Lemma

1.12 p is the only common fixed point of Aand S, i. e. p = Ap = Sp . Similarly there is a unique point A € X such
thatA = BA=TA.

Let us assume that p = A. We have,
O (n,rxt) = (Ap, B k1)
>a1® (Sp, TA, 1) +22 @ (Ap, TA, 1) +83® (BA, Sp 1)
=a® (1, A1) +a2® (u, A, 1) +az® (A, 1 , 1)

= (a 1 +d +a3)<I) (],L, }\,’[)

this gives contradiction since (a;+ ax+ as)> 1.
Similarly,

¥ (1, A, xt) = Y(Ap, B, k1)
<b¥(Su,TA, 1) +b,P(Ap , TA, 1) + b3 P(BA, Sp , 1)
=bWP(u, A1) +bP(u, A7) +bs (A, 1, 7)

= (b1 + bzt bs) Y(u, A7)
again contradiction, because (b; + by+bs) <1 And by Lemma 1.8, A = p. Also by Lemma1.12, A is the common
fixed point of A, B, S and T. The uniqueness of the fixedpoint holds from (i) and (ii) &

Theorem 2.2 Let the pairs (A, S) and (B, T) are occasionally weakly compatible self mappings on complete
intuitionistic fuzzy metric space (X, @, ¥, -, o) for any v, ® € X and t > 0 with positive number « € (0, 1) such that

® (Av, Bo, xt) >aimin{ ® (Sv, T, 1), ® (Sv, Av, 1)} + bimin{®(Bw, Tw,1), ® (Av, To, 1)} + C1® (Bw, Sv, 1)

...(ii)
and
¥ (Av, Bw, k1) <a; min{ ¥(Sv, T, 1), ¥(Sv, Av, 1)} + b2, min{¥(Bo, Te,1), ¥Y(Av, T, 1)}+ ¢2 ¥(Bwo, Sv, 1)

...(1v)
Inequalities (iii) and (iv) are true for all v, ® € X, where aj, az, by, b2, ¢, 2> 0, as+ b+ >1 & ap+hytcy <1
then there exist a unique point u e X such that Au = Sp = p and a unique point A € X suchthat BA =T A=A,
Moreover, A = g, so that there is a unique common fixed point of A, B, Sand T.
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Proof : - It is given that the pairs {A, S} and {B, T} are owc, so there are points v, m in IFM Such that Av = Sv
and Bo =Tw . We claimthat, Av = Ba.If not, by inequality (iii)

@ (Av, Bo,k1)> a3 min{®(Sv, To, 1), ®(Sv, Av, 1)}+ b min{®(Bo, Tw,1),®(Av,To, 1)} + ¢1® (Bw, Sv, 1)
= a min{®(Av, Bw, 1), ®(Av, Av,1)} +bimin{®(Bo, Bw, 1), ®(Av, Bo, 1)}+c1 ®(Bw, Av,1)

a1 min{®(Av,Bw, 1), 1}+ by min{l, ® (Av,Bw,1)} + ¢1 ©® (Bw, Av,1)

a1 ®(Av, Bo, 1) + b1 ®(Av, Bw, 1) + ¢1 ®(Av, Bo, 1)

(a1 + by +¢1) @ (Av,Bo,1)

Above inequality gives us contradiction because a; +b; +¢1>1

Similarly, by inequality (iv)

¥ (Av, Bo, k1) < a; min{¥(Sv, T, 1), ¥ (Sv, Av, 1) }+ by min{¥(Bo, To, 1), ¥(Av, Tw, 1)} + ;¥ (Bo, Sv, 1)
= a; min{¥(Av, Bo,1), ¥ (Av, Av,1)} +b, min{¥(Bo, Bw, 1),¥(Av, B, 1)} + c; ¥(Bo, Av,1)
= a, min{¥(Av, Bo, 1), 1}+ b, min{1,¥ (Av, Bo, 1)} + ¢ Y(Bo, Av,1)

a; Y(Av,Bo, 1) + b, ¥(Av, Bo, 1) + ¢2 ¥ (Av, Bo, 1)

(a2 + b2 +¢2) ¥(Av,Bw, 1)

We get again contradiction, since a; +b,+ c;<1. And by Lemma 1.8 Av=Bo, ie. Av=Sv=Bo =
Tw. Suppose that there is another point A such that AA = SA,then by (iii) and (iv), we have AL = SA = Bo = Tw.
Hence we have, Av = Al and p = Av = Sv is the unique point of coincidence of A and S. By Lemma 1.12, p is the
only common fixed point of Aand S, i.e. p = Au = Sp. Similarly there is a unique point L € X suchthat A = BA =
TA.
Let(Hyp.) p = A. We have,

@ (n, A, k1) = © (A, Bi, k1)
>a; min{®(Su, TA, 1), @ (Sp, A, 1)}+ by min{®(BAX, TA, 1), ®(Ap, TA, 1)} + 1@ (BA, Sp, 1)
aimin{®(uwA 1), ® (1, pu, 1)} + by min{® (A, X, 1), O(p, A, D)} +C1 @ (A p,7)
aimin{® (p, A1), 1}+ by min{l,® (n, A, )} +¢1 @ (n, A7)
a1 O, A1)+ b ®d(n, A1) + €1 D1, A7)
(a1 + by +€1) @ (p, A7)

We again get contradiction since a;+ by +¢; > 1

Similarly,
¥ (n, A xt) = P(Ap, BA, k1)

<a;min{¥(Sp, T\, 1), ¥ (Su, Ap, 1)} by min{¥(BX, TA, 1), P(Ap, TA, 1)} + 2P (BA, Sp, 1)
amin{¥(u, 1), ¥ (u, w,)} + b min{¥A, A 1), P(u, M 1)} +C2 PO p, 1)
azmin{¥(u,\1), 13+ by min{L, ¥ (w, A1)} + 2 ¥(u, A, 1)
a P, A1)+ b WP(u, 1)+ 2P (n, A1)

= (az + bz + Cz) lP(M s 7»,‘[)
Again gives contradiction, because a, +b,+ ¢; <1 And by Lemma 1.8 X = u. Also by Lemmal.12, & is
the common fixed point of A, B, S and T. The uniqueness of the fixed point holds from (iii) and (iv) e

Conclusion
We establish common fixed point solutions for occassionally weakly compatible in intuitive fuzzy metric
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spaces, which enhances and generalizes the work of several writers who have previously presented their findings
in the fixed point theory of fuzzy metric spaces.
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