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Abstract: This paper studies the flow and heat transfer of a magnetohydrodynanic fluid flow together with buoyancy effect of a viscous fluid over a porous sheet. The non-linear differential equations governing the model are solved analytically using Modified Homotopy analysis method. The effect of the velocity profile and the temperature profile thus obtained on varying the parameters such as suction parameter, magnetic parameter, Prandtl number, Eckert number and buoyancy parameter are discussed  graphically. 
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1. Introduction
 The study of MHD flow is relevant to a wide range of industrial applications. Important applications include nuclear reactor cooling, liquid metal fluid cooling, power generation systems, and aerodynamic dynamics. The issues of heat transfer and mass transfer through inclined stretching sheets with Hall current, and heat generation, have been the focus of considerable research in the past few decades. MHD flow is relevant to many engineering challenges, including wire drawing, the production of glass-based materials, paper, and metal spinning. [2] investigated Boundary-layer behavior on compact solid surfaces of a  boundary layer axisymmetric flow. The effects of viscous dissipation and the work done by deformations on the MHD flow and heat transfer of a viscous fluid over a stretching sheet was done by [3]. The series solution for Unstable magnetohydrodynamic flows of non-newtonian fluids caused by an impulsive stretching plate was obtained by [4]. [5] studied the impact of thermal radiation on the boundary layer flow due to an exponentially stretching sheet. Heat transfer in a viscous fluid over a stretching sheet with viscous dis-sipation and internal heat generation was made by [6] and [7]. [8] - [10] analyzed the mixed boundary layer in the stagnation point flow towards the stretching vertical sheet. The viscous fluid flow over a nonlinearly stretching sheet were handled by [11]-[14]. The radiation effect of a electrically and magnetically conducting fluid on passing through various surface was illustrated in detail by [15]-[20]. The buoyancy effect of mhd flow was studied by [21] . The convective heat and mass transfer of MHD fluid plays a vital role in scientific industries whish was illustrated by [22]-[25]. 
[1] Numerically solves the problem of constant laminar 2-D boundary layer minimum density of material (MHD) flow and transfer of heat over an insubstantial viscous liquid with buoyancy forcing and viscous dispersion over a vertical non-linear stretching sheet (partial slip).  In the present study, the non-linear differential equation governing the problem derived by [1] was solved analytically using Modified Homotopy analysis method. The semi analytical expression for velocity profile and temperature profile were obtained and the effect on varying the governing parameters are discussed graphically. 

2. Mathematical formulation of the problem

 The investigation focuses on the two-dimensional, nonlinear, steady, MHD laminar boundary layer flow of a viscous, incompressible, and electrically conducting fluid with heat transfer over a porous vertical stretching sheet embedded in the presence of a transverse magnetic field that includes viscous and Joules dissipation. Parallel to the y-axis, a B strength transverse magnetic field is applied uniformly. Consider a stretching sheet that, similar to a polymer extrusion process, emerges from a slit at and is then stretched. Let's assume that boundary layer approximations apply and that the speed at a spot on the plate is proportional to the power of its distance from the slit. The following equations are written with the assumption that the electric field created by the polarization of charges, the external electric field, and the induced magnetic field are all very small. 






Consider a nonlinear stretched vertical sheet that is submerged in an incompressible electrically conducting viscous fluid with a temperature of  and a continuous, two-dimensional free convection flow. The surface temperature and the stretching velocity  are determined by the constants a and b, where . The assumption is that the sheet will change nonlinearly as the distance x from the leading edge increases, i.e.,  and . The boundary layer equations that govern momentum, energy with buoyancy, viscous dissipation, and partial slip under these circumstances are:

                                                                                                                                 (1)

                                                                                 (2)

                                                                       (3)
with boundary conditions:

                                               (4)
where,








are velocity component in x and y directions respectively, the dynamical viscosity, density,  thermal diffusivity,  Thermal expansion coefficient, temperature, temperature of the fluid outside the boundary layer, gravitational acceleration. 
Introduce dimensionless quantities as given:

                                                                     (5)
The governing non-linear dimensionless equations are obtained as:

                                                                               (6)

                                                                           (7)
along with the boundary conditions

                                                                                            (8)

3. Semi-Analytic solution by Modified Homotopy Analysis Method [26]-[35]

Consider a differential equation                                                                            (9)




where N is a non-linear operator, 𝜂 denotes independent variable and is an approximate analytical solution of (11) which is ban unknown function. Let denote an initial approximation of , is known as auxiliary  function and L denotes an auxiliary linear 

operator,  is a non-zero embedding parameter lies between -1 and 1. Then the homotopy is given by:

                                                (10)

where  is an embedding parameter. 
By means of analyzing the boundary conditions of the non-linear differential problem, we can know an appropriate base functions to represent the solution, even without solving the given non-linear problem.
 In view of the boundary conditions (8), the initial solution can be guessed to be:

                                                                                                  (11)

                                                                                                                                      (12)

And the linear operators  are defined as:

                                                                                                                            (13)

                                                                                                                              (14)
Applying  Modifed Homotopy Analysis method,

   



  (15)    where,    (16)                           (17)



                         (18)

4. Results and Discussion
The velocity and temperature profiles have been discussed by giving numerical values in order to get physical knowledge. Analytical expressions were obtained and their effects on flow and heat transfer characteristics were observed for various values of the suction parameter fw, magnetic parameter M, power law stretching parameter m, Prandtl number Pr, Eckert number Ec, buoyancy parameter, and slip parameter graphically.
Figure 1 shows the effects of the magnetic parameter M on the longitudinal velocity profile. As can be observed, raising M causes the boundary layer's velocity distribution to decrease, which thins the layer's thickness and causes the velocity gradient at the surface to increase in absolute terms. The suction parameter's impact fw (fw < 0), over Figure 2 displays the non-dimensional longitudinal velocity profiles. It can be shown that the suction parameter has a decelerating influence on longitudinal velocity. Effects of the injection parameter fw (fw > 0), Figure 2 depicts the dimensionless longitudinal velocity profile, and it is clear that the longitudinal velocity rises with injection. Figure 3 depicts the impact of suction and injection on a dimensionless temperature profile. It can be seen that, for suction, a decrease in temperature in the thermal boundary layer causes a reduction in thermal boundary layer thickness, whereas for injection, the opposite trend is observed. Furthermore, it is evident that suction (fw <0) reduces the thickness of the thermal boundary layer and improves the heat transfer coefficient significantly more than injection (fw > 0). As a result, suction can be employed to chill the surface considerably more quickly than injection.
It can be seen in Figures 4 and 5 that the longitudinal velocity profile and temperature profile behave differently depending on the value of the power law stretching parameter m. The decrease in the longitudinal velocity profile is more pronounced for small values of m, whereas the temperature profile increases as the stretching parameter m increases. It has been found that the thermal boundary layer is significantly impacted by changes in the sheet temperature. When sheet temperature varies in the direction of greatest stretching rate, the effect is more pronounced. The temperature distribution shown in Figure 6 reduces as Prandtl number Pr increases, which is consistent with the observation that the thickness of the thermal boundary layer decreases as Prandtl number increases. As the Prandtl number grows, so does the rate of heat transmission. As Pr rises, the boundary layer edge is reached more quickly.


Figure 7 displays the dimensionless velocity profile  for various slip parameter values . It is obvious that has a significant impact on the solutions. In reality, as slip parameter values  increases, the velocity profile also increases.

 Figure 8 illustrates the effects of the buoyancy parameter  on dimensionless longitudinal velocity visually. It is discovered that the effects of the buoyancy force are stronger for a fluid with a small Pr. Smaller Pr fluids are therefore more sensitive to the effects of buoyancy force.
Figure 9 depicts the effect of the Eckert number Ec on dimensionless temperature profiles. The heat energy is stored in the liquid as a result of frictional heating, as shown in Figure 9, hence an increase in the Eckert number Ec raises the temperature.
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Figure:1. Dimensionless coordinate 𝜂 versus  Dimensionless velocity profile . The curve is plotted using (15) for fixed with varying 
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Figure:2. Dimensionless coordinate 𝜂 versus  Dimensionless velocity profile . The curve is plotted using (15) for fixed with varying 
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Figure:3. Dimensionless coordinate 𝜂 versus  Dimensionless temperature profile . The curve is plotted using (18) for fixed with varying 

[image: ]



Figure:4. Dimensionless coordinate 𝜂 versus  Dimensionless velocity profile . The curve is plotted using (15) for fixed with varying 
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Figure:5. Dimensionless coordinate 𝜂 versus  Dimensionless temperature profile . The curve is plotted using (18) for fixed with varying 
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Figure:6. Dimensionless coordinate 𝜂 versus  Dimensionless temperature profile . The curve is plotted using (18) for fixed with varying 
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Figure:7. Dimensionless coordinate 𝜂 versus  Dimensionless velocity profile . The curve is plotted using (15) for fixed with varying 
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Figure:8. Dimensionless coordinate 𝜂 versus  Dimensionless velocity profile . The curve is plotted using (15) for fixed with varying 
[image: ]



Figure:9. Dimensionless coordinate 𝜂 versus  Dimensionless temperature profile . The curve is plotted using (18) for fixed with varying 

5. Conclusion
In this paper, Modified Homotopy analysis method is adapted to solve analytically the non-linear differential equations governing the model involving the heat transfer of the MHD fluid flow with buoyancy effect and viscous dissipation past over an inclined stretching porous sheet. The influence of the governing parameters on the derived expressions for velocity and temperature profile are discussed graphically.
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Appendix: A Solution of the differential equation using modified HAM:
The non-linear differential equations are:

                                                                              (A1)

                                                                         (A2)
along with the boundary conditions

                                                                                          (A3)
Construct Homotopy as :

                                     (A4)

                                (A5)
The analytical solution of (A1) , (A2) with boundary conditions (A3) are given as:

                                                                                                   (A6)

                                                                                              (A7)
 Substituting (A6), (A7) in the equations (A4) , (A5) and comparing the coefficients of the powers of p and q we get

                                                                                                                         (A8)


    (A9)                                                                                                                                                                                 (A10)

                               (A11)


Lettingand 

                                                                                                                           (A12)

                                                                                                                           (A13)
Solving the equations (A8) to (A11), and substituting the values in ( A12) and ( A13) we obtain the result in the text (15 ) to (18).

Appendix B: Nomenclature
	Symbol
	Meaning

	

	Dimensionless velocity profile

	g
	acceleration due to gravity

	

	nonlinear stretching parameter

	

	Kinematic viscosity

	

	Dimensionless coordinate

	

	Thermal diffusivity

	

	Thermal expansion coefficient

	

	Dimensionless temperature

	

	Density

	

	Fluid electrical conductivity

	

	Dimensionless temperature

	

	Velocity component in x-direction

	

	Velocity component in y-direction

	

	Temperature

	

	Prandtl number

	

	Temperature at the plate

	

	Temperature of the fluid outside the boundary 

	

	Dimensionless suction / injection parameter

	Ec
	Eckert number
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