Comparative Analysis of Mathematical Models for Non-Newtonian Stress Relaxation Flow of Blood through an Artery with Multiple Stenosis
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Abstract: In this research, a mathematical model is created to investigate the stress relaxation flow of blood through a tapered artery with multiple constrictions. The study derives analytical expressions for flux and velocity, considering suitable boundary conditions. The research conducts a quantitative analysis of flux, flow velocity, resistive impedances, and temporal variations in wall shear stress. The axial velocity is graphically presented for various values of the Jeffrey parameter within the narrowed region of the artery.
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Introduction: 
Stenosis refers to the abnormal and unnatural growth inside an artery's lumen, which disrupts the flow pattern. Such constricted arteries can block 50%-90% of the area. The mathematical modeling and analysis of arteries with multiple stenoses are highly valuable for Bio-mathematicians and medical scientists, as they explore various characteristics of blood flow. The main goal of this theoretical research is to investigate the mechanics of non-Newtonian blood flow through a tapered artery with multiple stenoses. This investigation is crucial in the field of medical sciences, where precise information about various blood flow parameters is lacking.
There is compelling evidence supporting the significant role of hydrodynamic factors, such as flow resistance, wall shear stress, and apparent viscosity, in the development and progression of arterial stenosis. Recently, numerous theoretical and analytical studies have been conducted on blood flow through tapered arteries with stenosis, with a predominant focus on non-Newtonian blood behavior.
Mathur and Jain (2013) investigated the mathematical modeling of non-Newtonian blood flow through arteries with stenosis, treating blood as a power-law fluid. Their findings revealed that pressure drop and shear stress increase with the size of the stenosis in the chosen non-Newtonian model. Ramesh Babu and Savita (2019) studied the flow of Jeffrey fluid through arteries with multiple stenoses, exploring variations in velocity profiles and volumetric flow rate in different flow regions under various boundary conditions. Halder et al. (2017) conducted studies on both Newtonian and non-Newtonian pulsatile flows through arteries with stenosis. They presented three-dimensional modeling and analysis of blood flow in stenosed arteries to simulate atherosclerosis artery disease under various pulsatile flow scenarios. Sriyab (2020) analyzed the effects of stenotic geometry and non-Newtonian blood behavior in arterial stenosis. Their mathematical model considered several stenosis shapes, such as bell shape and cosine shape, and identified stenosed artery geometry, stenosis length, stenosis thickness, and power law index (in non-Newtonian behavior) as key factors affecting blood flow through the stenosed artery. Shit et al. (2012) conducted mathematical modeling of blood flow through tapered overlapping stenosed arteries with variable viscosity. They observed that hematocrit, magnetic field, and artery shape significantly influenced velocity profiles, pressure gradient, and wall shear stress. Blood's variable viscosity was treated as a porous medium, and they analytically solved the problem using the Frobenius method. Nanda and Bose (2012) investigated a mathematical model for blood flow through narrow arteries with multiple stenoses. They studied rheological parameters, stenosis height, and fluid yield stress, which strongly influenced flow characteristics both qualitatively and quantitatively. Nanda and Mallik (2012) analyzed a non-Newtonian two-phase fluid model for blood flow through arteries under stenotic conditions. They performed large-scale numerical simulations and developed computer codes to study measurable flow variables with physiological significance. Mandal et al. (2007) developed a mathematical model considering blood as a non-Newtonian fluid characterized by the generalized power-law model, blending both shear-thickening and shear-thinning properties. Their model accounted for unsteady flow in stenosed arteries subject to pulsatile pressure gradients arising from the heart's normal functioning. The arterial wall was treated as an elastic cylindrical tube with a stenosis in its lumen.
The main objective of this study is to theoretically investigate the mathematical modeling of non-Newtonian stress relaxation flow of blood through an artery with multiple stenosis. The study focuses on deriving analytical results for flow velocity and flux. These analytical expressions are then utilized to examine the variations in velocity profiles and volumetric flow rate across different flow regions.
Mathematical model:
[image: ]
Figure 1: Physical model of multiple stenosis
In this scenario, we are examining the steady flow of a Jeffrey fluid through a tube with a non-uniform and cross-sectional shape containing two mild and axially symmetric stenoses. To describe the geometry of the tube, we use a cylindrical polar coordinate system (r, z), where z represents the measurement along the tube axis, and r is perpendicular to the tube's axis.
The radius of the tube is taken as:
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Here, lengths of the two stenoses are (where i =1,2) and the maximum thickness of two stenoses are  (where i =1,2) and the restrictions for the mild stenosis are satisfied.



	

Where  
The basic equation managing the flow is

									(2)




Where is Jeffrey parameter, is the pressure, is the viscosity of the fluid,  is the radius of the tube
The boundary conditions are


	where 										(3)


	where 										(4)


Presenting following non-dimensional variables:

					(5)
Non-dimensionalising the governing equations after dropping bars:

									(6)
The non-dimensional boundary conditions are:


	where 										 (7)


		where 									(8)
Solution of the problem:
Velocity Distribution: 
Integrating equation (1) by applying boundary conditions (7) and (8) the axial velocity can be obtained as:

									(9)
The volumetric rate of flow is obtained as:

									(10)
Pressure Difference:
The pressure difference  along the total length of the tube as follows:

										(11)




Result and Discussion: We have evaluated the axial velocity as a function of  for various values of the Jeffrey parameterfrom equation (9) in the stenotic regions  and  and shown in the figures (2) and (3). Notably, we observed that the velocity decreases as the Jeffery parameter  increases in both stenotic regions.



Furthermore, we computed the volumetric flux in the stenotic region using equation (10) for different Jeffery parameter and its representation is illustrated in figure 4. The curve takes the shape of an inverted parabola, and it is noteworthy that the minimum flux rate occurs at that is midpoint of the stenosis.


Similarly, for the stenotic region, we calculated the volumetric flux for different Jeffery parameters and is shown in the figure (5). In this case, the flux rate decreases with an increase in the Jeffery parameterwithin the stenotic region.
The volumetric flux is calculated for different values of k and is shown in figure (6). It is assuming in the third stenotic region for numerical computation that:


 	where	 

and 	.





Here we have seen that flux increases in the value of. The variation of the flow rate for different values of Jeffery parameter in the third stenotic region is shown in the figure (7). Here it is seen that flux decreases as Jeffery parameter increases.
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Figure 2: Velocity Profiles for different values of Jeffery parameter  in first stenotic region 
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Figure 3: Velocity Profiles for different values of Jeffery parameter  in second stenotic region 
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Figure 4: Volumetric Flux for different values of Jeffery parameter  in first stenotic region 
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Figure 5: Volumetric Flux for different values of Jeffery parameter  in second stenotic region 
[image: ]



Figure 6: Volumetric Flux for different values of  in the third stenotic region 
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Figure 7: Volumetric Flux for different values of Jeffery parameter  in the third stenotic region 
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